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In a previous paper, we generalized the well-known Euler-Mascheroni constant co, in both positive and
negative senses. In this sense, for each a.€(0,1), starting from two generalizations of the string cn which
converges to co, we obtained two sequences cna and ¢n-o, Which converge to cq and cn-q, respectively. We
called these limits, c« - the positive generalized Euler-Mascheroni constant or the positive generalized Euler
constant, respectively c-« - the negative generalized Euler-Mascheroni constant or the negative generalized
Euler constant. By calculating the limits of some sequences in two different ways, we obtained the integral
form of these two constants c« and c.« and, then, we calculated these two constants for different rational
values of the number a. In this paper we will present other ways of determining these generalized constants,
mentioned above, and we have extended the determination of these generalized constants to different
values of a>1 (integers or rational numbers). With all the values obtained for c,, we have presented
immediate applications to determining the limits of sequences of real numbers. At the end of this paper, |
proposed, to the attentive reader interested in these issues, the solution of an interesting exercise. Of course,
this paper is exclusively about Mathematics Didactics and can be used / recommended to all those interested

in these issues: pupils, students or Mathematics teachers.

1. Introduction

As part of a larger project aimed at "Training and
developing the skills of pupils, students and teachers
to solve exercises and problems in Mathematics”,
project started 20 years ago - see (Valcan, 1994, 2016,
2017, 2018, 2021), we set out, in (Valcan, 2024), to
train and develop these competences for calculating
the limits of certain types of competences. In this
sense, we have generalized the well-known Euler-
Mascheroni constant co, in positive and negative sense.

Thus, for each ae(0,1), starting from two
generalizations of the sequence cn - which converges
to co, we obtained two sequences Cn,o and Cn,-«, Which
converge to ¢, and c.q, respectively. We called these
limits, ¢, - the positive generalized Euler-Mascheroni
constant or the positive generalized Euler constant,
respectively c.. - the negative generalized Euler-
Mascheroni constant or the negative generalized Euler
constant. By calculating the limits of some sequences
in two different ways, we obtained the integral form of
these two constants ¢, and c. and, then, we calculated
these two constants for different rational values of the
number o.

All the works mentioned above, like this one, are
from Didactics of Mathematics.

2. Theoretical foundation

Next, we present the main results obtained in
(Valcan, 2024).

To begin with, we presented and proved the
following technical results, which we used further and
which we list here, keeping the original numbering.

We considered the convergent sequence:
111 1 1

142434 40 Ten i, e
and, for which:
lim lim
n—>cocn‘O:ﬂ—>°0
(1 1 1 1 1 )
o+ e+ ——+ = —1INN | pot
1 2 3 n-1 n = Co. (1.9)

Then, we considered a generalized Euler-type
sequence:

1 1 1 1
Cng=1t0 +2+0a +3+0a +...+N+a-In(n+a). (1.10)

We will show, further, that this sequence is
convergent and:
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lim lim
n—oo Cn’a: n—o0
1 1 1 1
+ + 4+t —In(n+a) | not.
l+a 2+0 3+a n+o = Co.
(1.20)
Analogously, we would consider the sequence:
1 1 1 1

Cho=l-0+2-a+3-a+...+N-0a -In(n-o). (1.21)

We have shown, further, that this sequence is
also convergent and:

lim lim
N—0 Cn,-a: n—o
! ! ! +eeet ! —In(n—a) | not.
l-a 2-a 3-a n-—o =c
o
(1.31)

Then, we evaluated these constants ¢, and c. and
concluded that:

j~l—x°‘ t1—x°

-dx
1-x 1-x

Co-Co=10 , that is: c,=Co- 0

and:

1 o
Ial_—x.dx
_o X (1-x)

C-a-Co , that is:

1

j 1-x*

= =~ .dx
xX*-(1-x)

C-a=Co+ © (1.50)

Because,
lim 1-x*

x—1

x<l (1-x)te. 1-X =0 and

Iirrll 1-x*
x<1 (1_X)l—(x_ X . (1— X) :0’ (151)

according to (Siretchi, Corollary 3, p. 388), it
follows that the integrals:

1 o 1 _ o
Il—x dx qu_X.dX
y 1-X and 0 X "@=%)

are convergent; therefore, all equalities in which
they intervene are valid. Therefore, for any ae(0,1),
Cq and c.o exist. We called these limits, c,, - the positive
generalized Euler-Mascheroni constant or the positive
generalized Euler constant, respectively c.. - the
negative generalized Euler-Mascheroni constant or the
negative generalized Euler constant.

Next, we calculated several such Euler-type
constants, generalized positively and negatively,
respectively, for different values of ae(0,1); thus we
obtained:

1

1) For a=2, according to the equalities from
(1.44) and (1.50),

1
2

1
c2=Co-2+2:In2 and ¢ 2=co+2-In2. (1.57)

1
2) For o=3, according to the equalities from
(1.44) and (1.50),
. § n-~3
c3=co-3+2.In3+ 6 and
. 3 n-~3
c 3=co+2.In3- 6 (1.61)
2

3) For a=3, according to the equalities from
(1.44) and (1.50),

, 33 B
c3=cp-2+2.In3- 6 and
3 n-\/§

2 —
c 3=cot2.In3+ 6 (1.65)

At the end of the paper (Valcan, 2024) I presented
other expressions (including integrals) of the constants

Ca and c., and | proposed to the attentive reader
interested in these issues, the following:

1) The proof, according to the examples above,
that:

T
1 1

T
C4=Co-4+3-In2+ 2 ¢ 4=co+3:In2-2,  (1.75)
4 T 1L

3 — — 3 —
ct=co+ 3 +3:In2+ 2 ¢ 4=co+3:In2+ 2. (1.76)

P
Let it be calculated c 5, for pe{-4,-3,-2,-1,1,2,3,4}.
3. Research methodology

In this paragraph, we will present other ways of
determining the constants c, and c., and, then,
knowing their values, we will calculate, differently
than we have done so far, the limits of some known
strings. Therefore:
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1
1) 0=2.In (Vélcan, 2024) we proved that:

lim ;(2 K)- (2 K+1) 1o,

(2.1)
But, for every keN*,
L 11
(2°k)-(2-k+) —2.k_2-k+1

So,

n 1 n (1 1
i (2.K)-(2- k+1)_k21:(_k_2-k+1j

1 1 2-n
=2 (cy an)+2 qn2-n+1.

(2.2)

Passing to the limit, when n — oo, from
equalities (2.2), we obtain:

lim Z 1

now ka (2°K)- (2 k+1)_2. (Co Cz) (2.3)
Now, from equalities (2.1) and (2.3), we obtain the

1
value of c2 from (1.57).

Otherwise: We have the equalities:

n 1 ( 11 j
~(2.K)-(2-k+D) S 2.k 2-k+1

l l (1+—+—+—+...+i+ ! )
2 ¢+ 2 Inn- 2 3 4 2-n 2-n+1

1o 1o
=2 ¢+ 2 Inn-Cons1-IN(2-n+1)+1+ 2 ¢+ 2 Inn
=Cn-C2.n+1-IN(2-n+1)+1+Inn

n

=1+Cn-Conr+In 2-N+1, (2.4)

Passing to the limit, when n— +oo, in equalities (2.4),
we obtain:

lim ;(2 k) (2 K+1) Z1-1n2, (2.5)

because the sequence (Cn)n=1 is convergent and, thus,
lim
n—0 (Cn'C2~n+1):O.

From equalities (2.3) and (2.5), we again obtain the

1
value of c2 from (2.57).

1
Now, knowing the value of ¢ 2, from the equalities in

(2.57), we can calculate the limit of a sequence,
otherwise. Thus, we have the equalities:

n 1 n 1 2
kz_;k.(z.kﬂ):kz_;[ﬂ_z.kuj

n] & 1 (1 1 1)
> = R ak
k=1 k _2. k=1 2 k +1 1 2 n _2.

1 1
+ +..+
+1 2-2+1 2-n+1)

=Cp+Inn-2.
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X 2 . 2-n
=cptinn-cn 2 +In2:-N+1=cycp 2+In2-N+1 (2.6)

Passing to the limit, when n — +oo, in equalities (2.6),
according to the first equality from (1.57), we obtain

that:
am ;k (2 k+1) =2-2.In2. 2.1)
1

2) o=-2 . First let us prove that:
Jim ;(2 K)- (2 k=1) —n2. (2.7)
For every keN*,

1 1 J'(sz 2 2k—l)_dx
(2-k)-(2-k-1) =2-k-1_2- k—o
(2.8)

So,
Sy St o)

= (2-k)-(2-k-1) _i5\2-k-1 2-k)-
ZJ'(sz 2 2<k—1)_dx

k=1 o

n 1 1n

ZIXZ'“ -(1-x)-dx J' x**2 . (1-x)-dx
—k=1lg =0 k=1 =
1 n
_[(1— X)- > x*%.dx
0 k=1

1 2.n 1 _ 2.n 1

Il x) 50X jl X dx L'dx
—% _5 1+Xx _ol+X i
1 2.n
_[X -dx
o1+ X 2.9)

Passing to the limit, when n — +o0, in equalities
(2.9), according to (Vilcan, (I), 2016, Proposition), we

obtain that:
1
1
—.dx
Him ;(2 k) (2 kK-1) _ol+X  _jo.

Otherwise: We have the equalities:

n 1 n (1 1
;(Z-k)~(2~k+1):;(Zk—l_nj

1 1 1 1 1 j
et + +

- 3 4 2-n-2 2-n-1 2-n
1r3h)
+ 4.+
2 n
} E+£+1 1 1 + 1 —In(2-n)
1 2 3 4 2-n-2 2-n-1 2
173 )
“+=4+...+=—Inn
1 2 n
+In(2-n)-Inn=c2.n-Cn+In2. (2.10)

Passing to the limit, when n— +o0, in equalities
(2.10), we obtain equality (2.7), because the sequence
(Cn)n=1 is convergent and, thus,

m
N—co (CZ-n'Cn) =0.

On the other hand, from the equalities in (2.8),
it follows that:

n 1 n (1 1
;(2~k)-(2~k—1):;(Zk—l_ﬁj

1 N 1 1

2:1-1 2-2-1 2.n-1) 2
(l 1 1)
-+ —+.+—
1 2 n

N S

l 1_1 2_1 n_l 1 (1‘4_14_ +£j
-2. 2 2 2). 2 \1 2 n
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L (n_ljz L, 1 20
+2.In 2).2.0nn=2 (cy, 2-C)+2In 2:n
(2.11)

Passing to the limit, when n— +oo, in equalities
(2.11), we obtain:

1
im 2k D=2 (¢ 2 -co)
(2.12)
Now, from equalities (2.7) and (2.12), we
Y 1
obtain the value of 2 from (1.57).

1
Finally, knowing the value of ¢ 2, from the equalities
in (1.57), we can calculate the limit of a sequence,
otherwise. Thus, we have the equalities:

n 1 o2 1
ék-(z-k—n:;(z-k—l_ij
n 1 n
Z2.k 1 ;E

=2. k=1
1 1 1 1 1 1
+ ot T4+
21-1 2.2-1 " 2m-1) 12 " 'n
1,1 1
1,21, 1 no1
:22 2 2 2 ‘Cn+|nn
) 2 ) 2-n
=Cn, 2+In2-N=1 _¢ptinn=c, 2-cp-+In2-N-1,
(2.13)

Passing to the limit, when n — +o0, in equalities (2.13),
according to the second equality from (1.57), we
obtain that:

lim Z
n—ow k= 1k (2 k 1) =2.In2. (2.7')

More than that, we have the equalities:

1 1 1
1
€1 1+1 2+1 n 1 (n+—j
2= 2+ 2+ + 2 n 2
1 1 1 1
1
1—1 2—1 n—1 (n——j n+1
= 2+ 2+.+4 2.n 2)+ 2.
re2)nln2)
n+= n-=
2)4in\ 22
1
1 2-n-1
LN P}
= "2+ 24\é N+l (2.14)

Passing to the limit, when n — +oo, in equalities (2.14),
we obtain that:

1 1

cz=c 2-2, (2.15)
equality proven by equalities (1.57).
1
3) a=3.In (Vélcan, 2024) we proved that:
1 o
lim 2 Z (3-K)- (3 K+1) =12 3. 1sf (2.16)

But, for ev every keN*,

L1 1
(3K)-G-k+D) _3.k.3-k+l

So,

n 1 Z[ 11 j
~(3.k)-(3-k+1) _&\3-k 3-k+1

noo] 1(1 1 1)
S T
= 3-k+1_3\1 2 nj_

1 1 N 1
31+1 32+1 " 3.n+1
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11 (1} ! 1

+3.Inn-3.In 3)=3 (cy+Inn)-3-
1

C l+In(n+—j

( "3 3

1 1 1 ( 3-n J
=3.(cprc " ?)+ 3 n\3n+1), (2.17)

Passing to the limit, when n— +oo, in equalities
(2.17), we obtain:

1
lim ;(3 k)- (3 K+1) 3. (cec 3) (2.18)

Now, from equalities (2.16) and (2.18), we
1

obtain the value of ¢ 3 from (1.61).

1
Finally, knowing the value of ¢ 3, from the equalities
in (1.61), we can calculate the limit of a string,
otherwise. Thus, we have the equalities:

n 1 n(1 3
Z;k-(s.ku):;(i_s.kﬂj

51 s (1 1 1)
Y= > T
=X =k -3 k=1 13- k+1 1 2 n -3.
1

LI
3-1+1 3-2+1 3-n+1
S
1 1+1 2+— n+1
=cp+Inn-3-3.1 3 3J =¢ +Inn-cn,
3
1
§+|n3-n+1
3-n

1
=Cp-Cp, 3 +In3-N+1, (2.19)

Passing to the limit, when n — +oo, in equalities (2.19),
according to the first equality from (1.61), we obtain
that:

an 3 7:-\/5

nox 1 K- (3 k+1) =3-2.n3- 6 (1.16")
1
4) a:-g. First let us prove that:
am é(s ) (3 = n3- nl\S/_ (2.20)
For every keN*,
1 1 1
(3-k)-(3-k+1) =3.-k-1_3-k=
j[(x?"k2 — x> . dx
0 (2.21)

So,

d 1 4 1 1
§(3~k)~(3-k—1>:kz;(&k—l_s-_k):

(X3-k72 _ X3-kfl) . dX

k=19
n 1 1
jx?’“-(l—x) dx j 32 (1 x) - dx

—k=1g —0 k=1 -
1 n
_[(1— X)- > x**2.dx

0 k=1

1 3n 1 _y3n
j(l—X)'X 1 X3 dx J‘X (1 X 2)'dX
~% -X _o 1+ x+Xx _

1 1 3n
J' X dx _[X dx

oL+ X+X pl+x 2.22)

Passing to the limit, when n — +oo, in
equalities (2.22), according to (Valcan, (I), 2016,
Proposition), we obtain that:

1
X 1
!L’!l;(s e Frrers 2.3
n-+/3
18 | (2.23)

On the other hand, from the equalities in
(2.21), it follows that:

4 1 4 1 1
§(3~k)~<3-k—1>:g(sk—fﬁj




Teodor Dumitru Valcan Educatia 21 Journal, 31 (2025) Art. 29, Page | 269

_3.k=l =
1 1 1 1(1 1 1
+ N T
3:1-1 3.2-1 3-n-1)_3 2 n
L+ 1 +.ont L
1 1_1 2_1 _l 1 (1'4_14_ +£j
=3. 3 3 3).3.\1 2 n
1 + 1 ot 1 In(n—lj
EN PP n-t 3|1
=3.\ 3 3 3 -2
[gr2e-sm)
—+—+..+——Inn
1 2 n

1 (n_ljz L O L
+3.n\ 3/.3.nn=3(c,, 2-c)+3.n 3N
(2.24)

Passing to the limit, when n — +o0, in
equalities (2.24), we obtain:

lim Z !

n-oow k=1 (3 k) (3 k 1) 3 (C 3_CO)
(2.25)
Now, from equalities (2.20) and (2.25), we obtain
C 1
3 from (1.61).

the value of

1
Now, knowing the value of ¢ 3, from the equalities in
(1.61), we can calculate the limit of a string, otherwise.
Thus, we have the equalities:

n 1 (3 1
;k-(&k—n:;(s.k—l_ij

i

=3. k=1 k=

1 1 1 11 1
+ +ot =+t~
(3.1—1 3.2-1 3n 1) (1 2 nj

1 3 . 3-n
=cn, 3+In3-N=1_c+Inn=c, 3-cp-+In3-N-1
(2.26)
Passing to the limit, when n — +o0, in equalities (2.26),

according to the second equality from (1.61), we
obtain that:

3 n-\/§
now k-l =2.n3- 6 (2.20")
2
5) a=3.1In (Vilcan, 2024) we proved that:
lim Z 1 ( —In3+n'\/§J
e ={CHE (3 k+2)-4. o

2.27)

But, for every keN*,
1 111 1

(3-k)-(B3k+2)-2.3.k.2.3-k+1.
So,
Somraes Sl )
~((3-k)-(3-k+2) &\ 3-k 3-k+2
Lyglig 1 11(&& +£j1
6.akK.2.1=3k+2_-2.6.\1 2 nj)_2
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1o @%Jz L
+6 .Inn- 6 .In 3/ =6 .(co+Inn)- 6 .

(c 2+In(n+§n 1 , L ( il J
s =6 .(Crc"2)+6.In\3N+2)

(2.28)

Passing to the limit, when n— +oo, in equalities
(2.28), we obtain:

lim Z L

n—o k—l(3 k) (3 k+2) 6 (C -C 3)
(2.29)

Now, from equalities (2.16) and (2.18), we

2
obtain the value of ¢ ¢ from (1.65).

Moreover, still starting from equality (2.27),

1
we obtain, otherwise, the value of ¢ 3. Thus, we have
the equalities:

Z”: 1 1 "(L_ 1 )
~(3-k)-3k+2)_2 &\3-k 3-k+2

1 (1,1 1y1(1 1 1
I R T e S+t
—2.\3 6 3n) 2 \5 8 3-n+2

11 l(c l+|n(n+1_lj]
—446. AN 3

N
=446 (cpc'3)+ 6.0\ 3N +2), (2:30)

Passing to the limit, when n — +o0, in equalities (2.30),
we obtain:

1 (1—In3+
4.

whence we obtain that:

. § n-\/§

c3=c+2.n3- 6

11

=446 .(cc 3)

Wf]

2
Now, knowing the value of ¢ 3, from the equalities in
(1.65), we can calculate the limit of a string, otherwise.
Thus, we have the equalities:

Sraen 8w
~k-(3-k+2)_2 Tk 3-k+2

] Ik
2.iak.2. =2.\1 2 2

= k= =
1 1 1
+ +...+
3-1+2 3-2+2 3-n+2

L—f- 1 +..+ 1
1 1 31 1+E 2+g n+g
:Z.Cn+2.|nn_2.3. 3 3 3
111 13 1
=2-Cn+2-lnn-2-cn,§- 2.In3:-n+2= 2 (Cn Cn3)+|n
3-n
3-n+2

(2.31)

Passing to the limit, when n — +o, in equalities (2.31),
according to the first equality from (1.65), we obtain
that:

lim z 3 ( —In3+n'\/§]
o £ K- (3: k+2) 4. )
(2.27")
2
6) o=-3.First let us prove that:
1
lim Z = \/_
now k1 (3-K) - (3 k-2)_4 In3+ 36
(2.32)
For every keN*,
1l 11 111
(B-k)-3k-2)-2.3.k-2.2.3-k=2
j-(x3~k3 _ X3-kfl) . dX
0 (2.33)

So,

g1 DS S
= B-k-Bk-2)_2.:5\3k-2 3k/_2.
n 1

J‘(Xs-k% _ X3-k—1) . dx
=19
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Eije‘“ @-x?)-dx 1
2. 2.

= k=1o =
1 q 1 n
J' x¥%. (1-x?)-dx lj'(l—xz) x¥*% . dx
0 k=1 =2.0 k=1
1 _y3n
L ja-x-@e0- %0 1
=2.% 1-x= 2,
j~(+x) @=x") 4
5 14X+ X?
1 1 3n
1 J'l;xz-dx R R
_2 ol+X+X 2 pl+X+X (2.34)

Passing to the limit, when n — +o0, in
equalities (2.34), according to (Valcan, (I), 2016,
Proposition), we obtain that:

1 1+—de
lim é(s K)- (3 k—2) E.£1+X+x2
l T3
=4.n3+ 36 (2.35)

On the other hand, from the equalities in
(2.33), it follows that:

§ L ag( 1 1)
= B-k-Bk-2_-2.15\3k-2 3k

L-I- 1 +...+ 1
1 l_g 2_3 _g 1 (1‘4_14_ +£j
-6. 3 3 3).6.\1 2 n
o + ! +..+ ! —In(n—zj
1 1_E 2_3 n_g 1
3 3 3 6.

L (n_éjz O O L
+6.In 3/.6.Inn=6 (cy, 3-c)+6.In 3-n
(2.36)

Passing to the limit, when n — 4o, in
equalities (2.36), we obtain:

lim Z L

n-oow k=1 (3 k) (3 K- 2) 6 (C 3'C0)

(2.37)
Now, from equalities (2.32) and (2.37), we
c 2
3 from (1.65).

obtain the value of

2
Now, knowing the value of ¢ 3, from the equalities in
(1.65), we can calculate the limit of a string, otherwise.
Thus, we have the equalities:

n

kz;k(3k 2)=2. kl(

3 < 1 -1 3
=2.k23 -2_2. ;k 2.
1 1 1 1
+ ot fd
31-2 3.2-2 3:n-2) 9.
(1 1 1)
g
1 2 n
1 1 1
L PR A A S
-2.U 3 3 3).2.c+2.Inn
1,1 8 111
=2 -Cn, 34+2.n 3-n-2_2 Cnt 2 .Inn=2 '(Cn,_g 'Cn)+
l 3-n
2.n3-n-2 (2.38)

Passing to the limit, when n — +o, in equalities (2.38),
according to the second equality from (1.65), we
obtain that:

an 3 s J_

e ko1 K- (3 k 2) 4 -In3+ 12
(2.32)

More than that,
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1 1 1
1 1 1
€1 141 241 el (n+—J
3= 3+ 3+.+ 3.n 3
1 1 1 1
2 2 2
1-2 222 p.2 (n——j n+l
= 3+ 3+ + 3_|n 3 + 3_|n
1
U IR e
3+|n 3_3_n§+ 3+|n 3-n+1
3.
(2.39)
Passing to the limit, when n — +o0, in equalities (2.39),
we obtain:
2
c3=c 3-3,
(2.40)
equality proven by equalities (1.61) and (1.65).
And,
1 1 1

= 3+ 344+ 3\ 3

r-a)ul+3).3

n-= n+=| =2

3/ 4In 3)+2
1

c 1 (3-n+2j 3
2 n-—= — =
"3. 34p\3n-1),2

(2.41)

Passing to the limit, when n — +o0, in equalities
(2.41, we obtain:

3

1 2 —

c3=ci+2, (2.42)

equality proven by equalities (1.61) and (1.65).

The attentive reader interested in these issues will
notice that the condition that the number o belongs to
the interval (0,1) is imposed only so that all terms of

1 1 1 1

the sum 1-a +2-0o +3-a +...+ N—a gre positive.
Neither Proposition 1 nor Observations 2 impose such
a condition. Therefore, next, we will see what happens
if ae[1,+0), keeping the notations above.

7) a=keN*. We approach this case inductively.

For example:
1 1 1 1
Cn'1=1+1+2+1+3+1+...+n+1-ln(n+1)
1 11 1
=142 +3+4 4.4+ N+ 1 |n(n+1)-1=co-1.
(2.43)
1 1 1 1
Cn‘2=l+2+2+2+3+2+...+n+2-In(n+2)
111 1 1

:1+E +§ +Z +...4N+2 -In(n+2)-1-§ =Cp-

+3)

(2.43)
1 1 1 1
Cra=1+3+2+3+3+3 +...4+ N+3|n(n+3)
O z2
=142 +3+4 4.+ N+3.In(n+3)-1-2 -3 =,
(1+£+1j
2'3) (2.43")
1 1 1 1
Cri= 1+ K+ 2+ K +3+K ..+ n+K _In(n+k)

111 1 11

1
=1+2+3+4 +..+n+K_|n(n+k)-1-2-3- -k

( 11 1 j
1+=—+=—+...+—
=Cp- 2 3 k . (2.43(k-1))

We observe that, for a fixed number keN*, cnk is a
convergent sequence and:

lim lim
n—o Cn,k: n—oo
! + ! + ! +eet —In(n +K) | not.
1+k 2+k 3+k n+Kk = ¢
( 1 1 1}
1+—+—+..+—
=co-\ 2 3 kJ 0. (2.44)

Of course we can determine ¢, for a number e Q\N,
o>1. Thus:

3
8) o=2.In (Vilcan, 2024) we proved that:
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lim Z .

1 (——Inzj
n—ow kl(2 k) (2 k+3) 3 .

But, for every keN*,

(2.45)

1 1 ( 1 1 )
(2:k)-(2-k+3)-3.\2-k 2-k+3)
So,

S b DS
~(2-k)-(2-k+3) 3.5 2k 2-k+3

+
6. 2 2 2

1 (“_j 1 1 2-n
— — 3 —
.|nn_6.|n 2 :6.(Cn-cn’5)+6.|n 2-n+3.
(2.46)

Passing to the limit, when n — +o0, in
equalities (2.46), we obtain:

lim Z 1

n—ow k= 1(2 k) (2 k+3) 6 (CO CZ) (247)

Now, from equalities (2.45) and (2.47), we
obtain that:

3 (ﬂ—lnzj
C2=Co-2- 3 )

Otherwise: The following equalities hold:

(2.48)

i 1 1 "(L_ 1 j
~(2-k)-(2-k+3)_3.5\2-k 2-k+3

1 1 (hh...ﬁj 1
. 1 2 n) 3.

1 1 1 1 1 1 1
1+—+—-+—+..+ + Z 1 1+=
2 3 4 2-n+2 2-n+3),3. 3

1(E+1+ p L j o1

+6. 1 2 n+1 :6.Cn+6.|nn_3.

(1+—+ ! 1 —In(2 n+3)j
2:n+2 2-n+3 +9

1 G+l+...+—1 —In(n+1)j 1 1
+6.\1 2 n+1 3.In(2:n+3)+ 6
In(n+1)

11 41 1 1
= 6 -Cnt 6 -Inn- 3 -Co.n+3+ 94+6 Cn+1- 3 .|n(2.n+3)+ 6
-In(n+1)

O - SRS
-6 ‘Cn'3 -Co.n+at 6 Cns1t 94+6 In (2 n +3)2 .

(2.49)

Passing to the limit, when n — +o, in equalities (2.49),
we obtain:

an 41

noe k1 (2-K)- (2 K+3) 29_3.1n2, (2.50)

because the sequence (Cn)n=1 is convergent and, thus:
lim
n—x (Cn'2'02~n+3+Cn+1):O.
From equalities (2.47) and (2.50), we again obtain the
3

value of c2 from (2.48).

3
Now, knowing the value of c2, from equality

(2.48), we can calculate the limit of a string, otherwise.
Thus, we have the equalities:

Z”: 1 1 ”(1_ 2 )
~k-(2-k+3)_3.&\k 2-k+3
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D ] eIk
=3.iak.3.i32-k+3-3.\1 2 n).3
1 N 1 1
2:1+43 2-2+3 2:n+3
111
=3 -Cnt 3 -Inn- 3
! + ! ot —— In(n+gJ
1+§ 2+§ n+ 3 3)| 1
2 2 2 23.n
2)-3.,-3. "243.n2-n+3 (2.51)

Passing to the limit, when n — +o0, in equalities (2.51),
according to equality (2.48), we obtain that:

2 4
——1In2
!'lil;k @ k+3) 3. ( j

On the other hand,

(2.45')

ooll—\
S
/ﬁ\
x|~
|
N
N
+
w
NG

Z”: 1
“k.(2-k+3) -

1 2
+— | =
2-n+2)-1)_ 3,

1 1) 1 (1 1 1 jl
“+=| Z |Z4+=+..+——=Inn| =
1 3)_3.\1 2 n _3.

L + L + ! +..+ 1 —In(n+2—1J
-1 2ol 3t gt 2
2 2 2 2
81 1 2n+31 81
+9+3.nn-30n 2 =3¢ 2)+9+3.In
2-n
2:n+3, (2.52)

Passing to the limit, when n — +oo, in equalities (2.52),
we obtain that:

lim Z e, 8

noe e K- (2 k+3) == 3.(co- 2)+9 (2.53)
From equalities (2.45) and (2.53), it follows that:

1 C§ 1 CnY7£ §
3.(co- 2)=3-(co-  2)+9, that is:
c, c, 8
2= 2.3, (2.54)

Equalities (2.57) and (2.48) confirm that the equalities
from (2.54) hold.

From equalities (2.45') and (2.53), the second equality
from (2.57) follows.

Now, a closer look at what was presented above
prompts us to construct strings of the form cn «, for a
fixed number keN*.

9) a=-keN*. We approach this case inductively.

For example:

1 1 1 1
cha=2-1+3-1+4-1+..+n-1_|n(n-1)

1 11 1 1

=1+ 2+34+44+...+n-1 -In(n-l):cn-lzcn- N +In

n-1
1 1 1 1
tho=3-244-245-24..4N-2 In(n-2)
111 1
:1+E +3444.4n-2 -In(n-2)

(2.55)
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1 11 1
Chs=4—3+5-34+6-34..+N—3_n(n-3)
111 1
:1+§+§+Z+...+m-ln(n+3)

(2.55")

1 1 1 1
Cn = (k+D)-ky(k+2)-k , (k+3)-K ;.. .4+n-k
-In(n-Kk)

111 1
=1+2+3+4 n—K-In(n-k)
( 1 1 1 1) n
=Coi- n—k+1 n-2 n-1 n)ipn-k
(2.55%D)

We observe that, for every keN*, cn « is a convergent
sequence and:

lim lim

N—® G (= N>

S S SR
(k+D)-k (k+2)—k (k+3)—k n—k
not.

= Cx =Co. (2.56)

Of course we can also determine c.o, for a number
a.€Q\N, with a>1. Thus:

3
10) a=- 2 . First let us show that:

lim Z L

n—o k= 1(2 k) (2 k 3) 3 (||"|2 1)
(2.57)

For every keN*, k>2:

1 1( 1 lj 1
(2-k)-(2-k-3) —3.\2-k-3 2-k)_3.

1
J'(sz—4 _ X2-k—l) .dx
0

(2.58)

1 (el

l 1 J'(XZk—4 sz—l) dx
2 +3.k=20
n 1
l E J'(sz—4 2k—l).dX l E
:_2+3.k:20 -2+3'
n 1
j 3. (1-%%)-dx
k=2
1
l 1 J' 2:k 4'(1—X3) dX l 1
=-2 4+3.0k=2 =-2+3.
1 n
.|'(1—x3)-2x2"’4 dx
0 k=2
1 _y2n-2
L1fa-x) i 11
=24+3.0 - =2+3.
1 _y2:n-2
_[(1+x+x2)-1 X dx
0 + X
1 2.n-2
11 J-l+x+x q J-(1+x+x)x - dx
—.24+3.% 1+X 0 1+x .
(2.59)

lities (2.59), according to (Valcan, 2016,

Passing to the limit, when n — +oo, in
aosition), we obtain the equality from (2.57).

Pro

On the other hand, from the equalities in (2.58), it
follows that:

Sy
a2 (2-k)-(2-k=-3)_3.152-k-3_6 .15k

1 1 1 1 1

= + +..+ =
-3.\2:1-3 2.-2-3 2-n-3)_6.

(1 1 1)

s T =

1 2 n

i+ ! +ot !

1 1—§ 2—§ —§ 1(}+1+ i)
=6. 2 2 2).6 \1 2 n
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! + L +..+ L —In(n—ﬁj
11,23 5.3 n-3 2)| 1
=6. 2 2 2 -6.
(}+1+ +£—Innj 1 (n—Ej 1
1 2 n +6.In 2).6 .Inn
1 1 2-n-3
=6 .(cn, > cn)+6 In 2:n (2.60)

Passing to the limit, when n — +oo, in equalities
(2.60), we obtain that:

lim Z L

n—ow k= 1(2 k) (2 k- 3) 6 (Cn 2 Cn) (2_61)
Now, from equalities (2.57) and (2.61), we obtain that:

3

¢ 2=co+2-(In2-1). (2.62)
But,
Seniiy b Sats £
1 (2:-k)-(2-k=3) =3.132-k-3_6 .iak
3 (N S S S
_3.121-3 2.2-3 2.n-3) 6.

1 + ! ot 1
(1'4_14_ +£j 1 1_§ 2_§ n_§ 1
12 n)_6 2 2 2).6

1 +..+ 1 + ! —In(n—lj
IR Y (N \ I S 2)| L
2 2 -6
}+1+ +——Innj 1 (n—ij 1
2 n +6.In 2).6 .Inn
11 1 2-n-1

~.346. (Cn, - cn)+6 In 2-n (2.63)

Passing to the limit, when n — +oo, in equalities
(2.63), we obtain that:

an 11

n—>ook1(2 k) (2 k- 3)— 3+6 (C 2 Co) (264)

Now, from equalities (1.57), (2.60) and (2.63), we
obtain the equality from (2.62), and, from equalities
(1.57), (2.64) and (2.62), we obtain that:
C 3 C 1

2= 2 -2,

which results from the equalities in (2.63).

(2.65)

3
Finally, knowing the value of ¢ 2, from the

equality in (2.62), we can calculate the limit of a string,
otherwise:

Z”: 1 1 ( 2 _3)
k=lk'(2'k_3):§.k=l 2:k-3 Kk

L 13+ 13+...+ 13 L L
=3. 1_5 2_5 n_E -§~cn+§ Inn
1 1 2 1 1
=§~Cn,_g- 3 In 2 n-3.3 Cn+§ Inn
1 1 2-n

=3.(cn, - cn)+2 n2-n-3, (2.66)

Passing to the limit, when n — +o0, in equalities
(2.66), according to the equality from (2.62), we
obtain that:

lim Z 2

Im Sk k 3) =3 .(n2-1). (257

4. Conclusions

Therefore, we can say that the expressions of the
constants ¢, and €., from the paper (Valcan, 2024) are
true and can also be obtained by other methods.

At the end of this paper, we propose, to the reader
who is attentive and interested in these matters, to
solve the following exercise:
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Exercise: According to the above model, 29 years, at the "Babes-Bolyai" University of Cluj-
1) prove that the equalities from (1.75) and (1.76) Napoca. He is the au_thor .Of over 4Af author volumes
: . and over 160 studies in collective volumes or
hold and, in addition: o X
specialized journals. Areas of competence:
c, 15 3 73 Mathematics, Didactics of Mathematics, Theory and
3=Co- 4 +2 In3+ 6 and evaluation methodology at / through Mathematics,
15 3 3 Methodology for solving Mathematics problems,

Mathematical philosophy and Orthodox theology.

C4
3=cp- 4 +2In3+ 6 (2.66)
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