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It is known that the Euler-Mascheroni constant, which we will denote here by c0, plays a very important role 

in Mathematics. It is the limit of a decreasing sequence of real numbers, which we will denote here by cn or 

cn,0, a sequence that belongs to the interval (0,1), but which does not converge to 0. In this paper we propose 

to generalize this known constant c0 of Euler-Mascheroni, in positive and negative sense. In this sense, for 

each (0,1), starting from two generalizations of the sequence cn that converges to c0, we will obtain two 

sequences cn, and cn,-, which converge to c and c- respectively. We will call these limits, c - the positive 

generalized Euler-Mascheroni constant or the positive generalized Euler constant, respectively c- - the 

negatively generalized Euler-Mascheroni constant or the negatively generalized Euler constant. By calculating 

in two different ways the limits of some sequences, we will obtain the integral form of these two constants c 

and c-, and then we will calculate these two constants for different rational values of the number (0,1). 

Determining these generalized constants will allow one to easily compute many limits of sequences of real 

numbers that are otherwise much more difficult to compute. The present paper is meant to be one of 

Mathematics Didactics and comes to the support of teachers, students and pupils who want to train new skills 

and develop their competences for solving exercises and problems in Mathematics. 

 

1. Introduction  

As part of a larger project aimed at "Training and 

developing the competences of pupils, students and 

teachers to solve exercises and problems in 

Mathematics", we aim, in this paper, to train and 

develop these competences for calculating the limits 

of certain types of sequences, continuing the ideas 

developed in (Vălcan, 2016a), (Vălcan, 2016b), 

(Vălcan, 2017a), (Vălcan, 2017b), (Vălcan, 2018), 

(Vălcan, 2020) and (Vălcan, 2021).   

In this sense, in this paper we propose to generalize 

the well-known constant c0 of Euler-Mascheroni, in a 

positive and negative sense. Thus, for each (0,1), 

starting from two generalizations of the sequence cn - 

which converges to c0, we will obtain two sequences 

cn,- and cn,, which converge to c and c-, 

respectively. We will call these limits, c - the positive 

generalized Euler-Mascheroni constant or the positive 

generalized Euler constant, respectively c- - the 

negatively generalized Euler-Mascheroni constant or 

the negatively generalized Euler constant. By 

calculating in two different ways the limits of some 

sequence, we will obtain the integral form of these two 

constants c and c-, and then we will calculate these 

two constants for different rational values of the 

number . 

2. Problem Statement 

As I have mentioned many times, computing the 

limits of strings of real numbers belongs to the 

category of hard problems, even unsolvable for many 

teachers or students. The causes are multiple - see 

those specified in (Vălcan, I, 2017). It is precisely for 

this reason that this paper and others of the same kind 

that will appear soon come to fill these gaps in the 

knowledge of those interested. The formation and 

development of the competences to solve 

mathematical exercises and problems also requires the 

knowledge and acquisition of the techniques for 

calculating the limits of sequences presented in these 

papers. 

3. Research questions 

In our research we will try to find answers to the 

following questions: 

Can Euler-Mascheroni's constant be generalized? 

In what way? 

Can these generalized constants be determined? 

Can Euler-Mascheroni's new generalized 

constants help in computing the limits of sequences of 

real numbers? How? 
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4. Purpose of the Study  

So, we will generalize, in two ways, the well-

known Euler-Mascheroni's constant for every number 

 in the interval (-1,1). In fact, we will generalize the 

results from (Vălcan, 1994), following the ideas from 

(Fihtenhholt, 1964). 

5. Research Methods 

5.1 Theoretical results 

To begin, we present and prove the following 

technical result, which we will use further: 

Proposition 1: If the function f : [1,)  R is 

monotone and bounded, then the sequence (an)n1, with 

the general term: 

 an=f(1)+f(2)+...+f(n)-
 

n

1

dx)x(f

,  

      (1.1) 

is convergent. 

Proof: Since the function f is bounded on the 

interval 1,+), it follows that there are m, MR, such 

that, for every x1,+), 

 mf(x)M.     

      (1.2) 

Now, suppose that the function f is decreasing on 

1,+). Then: 

an+1-an=f(n+1)-





1n

n

dx)x(f

=

 




1n

n

dx)x(f)1n(f

0.

      (1.3) 

So the sequence (an)n1 is decreasing. It follows 

that, for every nN, 

ana1=f(1)M.     (1.4) 

We prove that (an)n1 is also lower bounded. 

According to the hypothesis, 

an=

 
















1n

1k

1k

k

dx)x(f)k(f

+f(n) 

   =

  







1n

1k

1k

k

dx)x(f)k(f

+f(n)f(n)m.  (1.5) 

From the inequalities in (1.4) and (1.5), it follows 

that, for any nN: 

manM, i.e: the string (an)n1 is bounded. (1.6) 

It therefore follows that the sequence (an)n1 is 

convergent. 

The reasoning is analogous if the function f is 

increasing.  

Two remarks are necessary here. 

Remark 2: The following statements hold: 

1) The sequence 1n

n

1k

)k(f












 is convergent if 

and only if the 1n

n

1

dx)x(f


















 is convergent. 

2) If n
lim  

n

1

dx)x(f

=+, then:  

n
lim  


n

1

dx)x(f

)n(f)1n(f...)2(f)1(f

=1. 

      (1.7) 

Proof: 1) The assertion in the statement follows 

from the equality (1.1) and the conclusion of 

Proposition 1.  

2) According to the hypothesis, in the calculation 

of the limit (1.7), we can apply the Stolz-Cesaro 

Lemma - see, (Sirețchi, 1985, p. 60) and, thus, obtain: 

 n
lim  


n

1

dx)x(f

)n(f)1n(f...)2(f)1(f

= 

n
lim 






1n

n

dx)x(f

)1n(f

= n
lim )(f

)1n(f

n



=1, 

where n(n,n+1) is the intermediate point, 

resulting by applying the Mean Value Theorem for the 

integral 





1n

n

dx)x(f

.  

 Next we consider the sequence: 

 cn,0=1

1

+ 2

1

+ 3

1

++ 1n

1

 + n

1

-lnn.  (1.8) 

 Considering the map: 

 f : 1,+)  R, where, for every x1, f(x)= x

1

,  
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from Proposition 1, it follows that the sequence 

(cn,0)n1 is convergent. 

 n
lim

cn,0= n
lim

 












 nln

n

1

1n

1

3

1

2

1

1

1
 .not

 c0.  (1.9) 

 In the specialized literature, c0 is known as the 

Euler-Mascheroni constant, or Euler's constant, and, to 

50 exact decimal places, is:  

c0=0,57721 56649 01532 86060 65120 90082 

40243 10421 59335 93992 … 

Moreover, from Remarks 2, it follows that: 

1) The sequence 1

1

+ 2

1

+ 3

1

++ 1n

1

 + n

1

 is 

divergent; 

2) n
lim

nln

n

1

1n

1

3

1

2

1

1

1



 

=1.   

Now, we consider a generalized sequence of Euler 

type; therefore, let [0,1) and the sequence: 

 cn,= 1

1

+ 2

1

+ 3

1

++ n

1

-ln(n+).                                                                    

 (1.10) 

 Let us show next that this sequence is 

convergent. In this sense, we consider the map: 

 g : 1,)  R,  where, for everey 

x1,),   g(x)=ln(x+).    (1.11) 

 We note that the function from (1.10) is a Rolle 

function and, according to Lagrage's Theorem - see 

(Sirețchi, 1985, p. 204), for every nN, there is a 

n(n,n+1), so that: 

 g(n+1)-g(n)=g(n), 

i.e.  ln(n+1+)-ln(n+)=
n

1

. (1.12) 

 But, for every nN, 

 n(n,n+1)     is 

equivalent to: 1n

1


n

1

 n

1

. (1.13) 

 So, according to the inequalities from (1.13), 

we have the inequalities: 

 2

1


1

1

 1

1

,   with: 

  1(1,2); 

 3

1


2

1

 2

1

,   with: 

  2(2,3); 

 ...      (1.14) 

 n

1


 1n

1

 1n

1

,   with: 

  n-1(n-1,n); 

 1n

1


n

1

 n

1

,   with: 

  n(n,n+1); 

that is, according to (1.12), we have the 

inequalities: 

  2

1

ln(2+)-ln(1+) 1

1

,  

 3

1

ln(3+)-ln(2+) 2

1

, 

 ...      (1.15) 

 n

1

ln(n+)-ln(n-1+) 1n

1

, 

 1n

1

ln(n+1+)-ln(n+) n

1

. 

 Additing, member by member, the double 

inequalities from (1.15), we obtain that: 

 2

1

+ 3

1

+...+ n

1

+ 1n

1

ln(n+1+)-ln(1+) 1

1

+ 2

1

+...+ n

1

. (1.16) 

 From the inequalities in (1.16), it follows that: 

 cn+1, 1

1

-ln(1+)   and 

  cn,ln )n()1(

1n





. (1.17) 

 From the inequalities in (1.17), it follows that: 

 ln 1

1

cn, 1

1

+ln 1

1

.  (1.18) 
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 The inequalities from (1.18) show us that the 

sequence (cn,)n1 is bounded. (A) On the other hand, 

 cn+1,-cn,= 1n

1

-ln(n+1+)+ln(n+)0, 

      (1.19) 

by the last inequality from (1.15). The inequality 

of (1.19) tells us that the sequence (cn,)n1 is 

decreasing. (B) Now, from statements (A) and (B), it 

follows that the sequence (cn,)n1 is convergent; so 

this sequence has a finite limit. Let be:   

n
lim

cn,= n
lim

 





















)nln(

n

1

3

1

2

1

1

1
 .not

 c.                        

             (1.20) 

 Now, consider the sequence: 

cn,-= 1

1

+ 2

1

+ 3

1

++ n

1

-ln(n-).    (1.21) 

 Let us show next that this sequence is also 

convergent. In this sense, we consider the map: 

 h : 1,)  R,  where, for every 

x1,),   h(x)=ln(x-).       (1.22) 

 We note that the map from (1.22) is a Rolle 

function and, according to the same Lagrage Theorem, 

for any nN, there is a n(n,n+1), so that: 

 h(n+1)-h(n)=h(n),    i.e. 

  ln(n+1-)-ln(n-)=
n

1

. (1.23) 

 But, for every nN, 

 n(n,n+1)     is 

equivalent to: 1n

1


n

1

 n

1

. (1.24) 

 So according to the inequalities in (1.24), we 

obtain that: 

 2

1


1

1

 1

1

,   with: 

  1(1,2); 

 3

1


2

1

 2

1

,   with: 

  2(2,3); 

 ...      (1.25) 

 n

1


 1n

1

 1n

1

,   with: 

  n-1(n-1,n); 

 1n

1


n

1

 n

1

,   with: 

  n(n,n+1); 

that is, according to (1.23), the inequalities hold: 

  2

1

ln(2-)-ln(1-) 1

1

,  

 3

1

ln(3-)-ln(2-) 2

1

, 

 ...      (1.26) 

 n

1

ln(n-)-ln(n-1-) 1n

1

, 

 1n

1

ln(n+1-)-ln(n-) n

1

. 

 Additing, member by member, the double 

inequalities from (1.26), we obtain that: 

 2

1

+ 3

1

+...+ n

1

+ 1n

1

ln(n+1-

)-ln(1-) 1

1

+ 2

1

+...+ n

1

.  (1.27) 

 From the inequalities in (1.27), it follows that: 

 cn+1,- 1

1

-ln(1-)   and 

  cn,-ln )n()1(

1n





. (1.28) 

 From the inequalities in (1.28), it follows that: 

 ln 1

1

cn,- 1

1

+ln 1

1

.  (1.29) 

 The inequalities from (1.29) show us that the 

string (cn,-)n1 is bounded. (C) On the other hand, 

 cn+1,--cn,-= 1n

1

-ln(n+1-)+ln(n-)0,  (1.30) 

according to the last inequality from (1.26). The 

inequality of (1.30) tells us that the sequence (cn,-)n1 

is decreasing. (D) Now, from statements (C) and (D), 

it follows that the sequence (cn,-)n1 is convergent; so 

this sequence also has a finite limit. Let be:   
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n
lim

cn,-= n
lim





















)nln(

n

1

3

1

2

1

1

1
 .not

 c-.                                    

(1.31) 

Remarks 3: The following statements hold: 

1) Convergence of the string (cn,)n1 results also 

by applying Proposition 1, for the map: 

 g1 : 1,+)  R,  where,for every 

x1,   g1(x)= x

1

.    (1.32)  

2) Convergence of the string (cn,-)n1 results also 

by applying Proposition 1, for the map: 

h1 : 1,+)  R,  where, for every x1,  

 h1(x)= x

1

.    (1.33)  

3) The sequences 1n

n

1k

1 )k(g












 and 

1n

n

1k

1 )k(h












are divergent. 

4) The following equalities hold: 

n
lim 







n

1

1

n

1k

1

dx)x(g

)k(g

=1   and 

  n
lim 






n

1

1

n

1k

1

dx)x(h

)k(h

=1.  (1.34) 

Proof: 1) The proposition in the statement follows 

from the proof of Proposition 1, applied to the function 

g1. 

2) The proposition in the statement follows from 

the proof of Proposition 1, applied to the function h1. 

3) Because: 

 

n

1

1 dx)x(g

=ln 



1

n

   and, 

thus:  n
lim  

n

1

1 dx)x(g

=+,  (1.35) 

according to Remarks 2, p.1), the sequence 

1n

n

1k

1 )k(g












 is divergent. On the other hand, because: 

 

n

1

1 dx)x(h

=ln 



1

n

   and, 

thus:  n
lim  

n

1

1 dx)x(h

=+,  (1.36) 

according to Remarks 2, p.1), the sequence 

1n

n

1k

1 )k(h












 is divergent. 

4) According to equalities from (1.35) and (1.36), 

respectively, and point 2) from Remarks 2, it follows 

that equalities (1.34) hold, i.e.: 

 n
lim

)nln(

n

1

1n

1

3

1

2

1

1

1


















=1 

      (1.37) 

and 

 n
lim

)nln(

n

1

1n

1

3

1

2

1

1

1


















=1. 

      (1.38) 

Now let's evaluate these constants c and c-. In 

this sense, we proceed as follows: for any kN, the 

equality holds: 

)k(k

1

 = 

1














k

1

k

1

.   (1.39) 

So according to equality (1.39), 


 

n

1k )k(k

1

= 

1




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
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      (1.40) 

 Passing to the limit, when n  , from 

equalities (1.40), it follows that: 
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,  (1.41) 

because according to Proposition in (Vălcan, I, 

2016), 
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 But,  
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 So, passing to the limit, when n  , from the 

equalities (1.42), it follows that: 
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 Now, from equations (1.41) and (1.43), it 

follows that: 
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 We proceed analogously for the evaluation of 

c-. For any kN, the following equality holds: 
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So according to equality (1.45), 
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      (1.46) 

 Passing to the limit, when n  , from 

equalities (1.46), it follows that: 
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because according to Proposition in (Vălcan, I, 

2016), 
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 So, passing to the limit, when n  , from the 

equalities (1.48), it follows that: 

 n
lim 

 

n

1k )k(k

1

= 

1

(c--c0).  (1.49) 

 Now, from equations (1.47) and (1.49), it 

follows that: 
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Because, 

1x
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      (1.51) 

according to (Sirețchi, 1985, Corollary 3, p. 388), 

the integrals: 

 


 1

0

dx
x1

x1

 and 
 






1

0

dx
)x1(x

x1

 

are convergent; therefore, all equalities in which 

they intervene are valid. So for any (0,1), the 

numbers c and c- exist. We will call these limits, c 

- the positive generalized Euler-Mascheroni constant 

or the positive generalized Euler constant, respectively 

c- - the negatively generalized Euler-Mascheroni 

constant or the negatively generalized Euler constant. 

 If: 

1

1

+ 2

1

+ 3

1

++ n

1
.not

 Hn,   (1.52) 

and 
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+ 2

1

+ 3

1

++ n

1
.not

 Hn,-,  (1.52) 

then, according to equalities (1.10) and (1.21), we 

have: 

cn,=Hn,-ln(n+) and cn,-=Hn,--ln(n-).   (1.53) 

5.2 A few particular cases 

Next, let's calculate some such Euler-type 

constants, generalized positively and negatively 

respectively, for different values of (0,1). 

1) = 2

1

. In this case, according to the equalities 

in (1.44) and (1.50), we obtain, 
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.  (2.1) 

But, 
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and: 
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 Now, from equalities (2.1), (2.2) and (2.3), we 

obtain that: 

 c 2

1

=c0-2+2ln2  and c 2

1


=c0+2ln2.  (2.4) 

2) = 3

1

. In this case, according to the equalities 

in (1.44) and (1.50), we obtain, 

c 3

1

=c0-
 




1

0

3

1

dx
x1

x1

   and 

 c 3

1


=c0+

 




1

0 3

1

3

1

dx

)x1(x

x1

.  (2.5) 
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and: 
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 Now, from equations (2.5), (2.6) and (2.7), we 

obtain that: 
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and: 
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 Now, from equations (2.9), (2.10) and (2.11), 

we obtain that: 

 c 3

2

=c0- 2

3

+ 2

3

ln3- 6

3

  și 

 c 3

2


=c0+ 2

3

ln3+ 6

3

.   (2.12) 

6. Findings and conclusions 

So, for any real number (0,1), the sequences 

(cn,)n1 and (cn,-)n1 are convergent and thus their 

limits: c and c- exist. Therefore, we can say that we 

answered affirmatively to the questions in Paragraph 

3. 

Of course, this work is one of the Didactics of 

Mathematics and is also addressed to pupils, students 

or teachers attentive and interested in these issues. 
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Moreover, in writing this paper I used, for the 

didactic part, mainly the ideas from (Vălcan, 2022). 

 

Authors note: 

Teodor Dumitru Vălcan is a University Lecturer 

at the Faculty of Psychology and Educational Sciences 

(Department for Didactics of Exact Sciences), for over 

29 years, at the "Babeș-Bolyai" University of Cluj-

Napoca. He is the author of over 44 author volumes 

and over 160 studies in collective volumes or 

specialized journals. Areas of competence: 

Mathematics, Didactics of Mathematics, Theory and 

evaluation methodology at / through Mathematics, 

Methodology for solving Mathematics problems, 

Mathematical philosophy and Orthodox theology. 

 

References 

Fihtenhholt, G. M. (1964). de calcul diferențial și integral, 

București, Editura Tehnică. 

Sireţchi, Gh. (1985). Calcul diferenţial şi integral, Vol. I, 

Noţiuni fundamentale, (Differential and Integral 

Calculus, Vol. I, Fundamental notions), București, 

Editura ştiinţifică şi Enciclopedică. 

Vălcan, D. (1994). Asupra unui şir de numere reale (On a 

sequence of real numbers), in Lucrările Seminarului 

„Didactica Matematicii”, vol. 9, 1994, Cluj-Napoca, pp. 

261-279. 

Vălcan, D. (I, 2016). An Example of the Training a 

Methodological Competences in Mathematical Analysis. 

The European Proceedings of Social & Behavioural 

Sciences EpSBS, Future Academy, Volume XVIII / 2016, 

pp. 631-639. 

Vălcan D. (II, 2016). From Mathematics Spectacle. 

Examples of Good Practice for Pupils, Students and 

Teachers, Modernity and Competitiveness in Education. 

București, Editura UNIVERSITARĂ București, pp. 320-

330. 

 Vălcan, D. (I, 2017). From Integrable Functions to Limits 

of Sequences, in The European Proceedings of Social & 

Behavioural Sciences EpSBS, Published by the Future 

Academy, Volume XLI / 2017, pp. 422-431. 

Vălcan, D. (II, 2017). From limits of sequences to definite 

integrals, in „Educația din perspectiva valorilor”, Tom 

XII / 2017: Summa Paedagogica, București, Editura 

EIKON, pp. 139-145. 

Vălcan, D. (2018), The spectacole of Mathematics ... 

continues, in „Educația din perspectiva valorilor”, Tom 

XIV / 2018: Summa Paedagogica, București, Editura 

EIKON, pp. 85-91. 

Vălcan, D. (2020). About Solving Exercises and Problems 

in Mathematics - examples of good practice for pupils, 

students and teachers -Education in the perspective of 

values, Conference Proceeding, Vol. I / 2020, București, 

EIKON, p. 51-61. 

Vălcan, D., (2021). Again About Calculating Of Limits Of 

Some Sequences With The Help Of Integrals. 

International Journal of Arts Humanities and Social 

Sciences Studies, Vol. 6, Nr. 12, p. 71-103. 

Vălcan, D., (2022), Formarea Iniţială a Profesorilor de 

Matematică la Universitatea „Babeş-Bolyai”, Nivel 

Licenţă, Didactica matematicii, Vol. I: Note de curs 

[Initial Training of Mathematics Teachers at "Babeş-

Bolyai" University, Bachelor's Level, Didactics of 

mathematics, Vol. I: Course notes], Cluj-Napoca, Editura 

Casa Cărţii de Ştiinţă. 
 

 

 


