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Abstract It is known that the Euler-Mascheroni constant, which we will denote here by co, plays a very important role
in Mathematics. It is the limit of a decreasing sequence of real numbers, which we will denote here by cn or

Cno, @ sequence that belongs to the interval (0,1), but which does not converge to 0. In this paper we propose
to generalize this known constant co of Euler-Mascheroni, in positive and negative sense. In this sense, for
each ae(0,1), starting from two generalizations of the sequence cn that converges to co, we will obtain two
sequences Cn,a and cn-«, Which converge to ¢« and c-« respectively. We will call these limits, c« - the positive
generalized Euler-Mascheroni constant or the positive generalized Euler constant, respectively c.o - the
negatively generalized Euler-Mascheroni constant or the negatively generalized Euler constant. By calculating
in two different ways the limits of some sequences, we will obtain the integral form of these two constants Ca
and c-, and then we will calculate these two constants for different rational values of the number a.e(0,1).
Determining these generalized constants will allow one to easily compute many limits of sequences of real
numbers that are otherwise much more difficult to compute. The present paper is meant to be one of
Mathematics Didactics and comes to the support of teachers, students and pupils who want to train new skills
and develop their competences for solving exercises and problems in Mathematics.
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1. Introduction

As part of a larger project aimed at "Training and 2. Problem Statement
developing the competences of pupils, students and
teachers to solve exercises and problems in
Mathematics”, we aim, in this paper, to train and
develop these competences for calculating the limits
of certain types of sequences, continuing the ideas
developed in (Valcan, 2016a), (Valcan, 2016b),
(Valcan, 2017a), (Valcan, 2017b), (Valcan, 2018),

(Valcan, 2020) and (Valcan, 2021).

In this sense, in this paper we propose to generalize
the well-known constant co of Euler-Mascheroni, in a
positive and negative sense. Thus, for each ae(0,1), knowledge and acquisition of the techniques for
starting from two generalizations of the sequence ¢, -  calculating the limits of sequences presented in these
which converges to co, we will obtain two sequences  papers.
Cn-« and cna, Which converge to ca and C.,
respectively. We will call these limits, co - the positive
generalized Euler-Mascheroni constant or the positive
generalized Euler constant, respectively c.. - the
negatively generalized Euler-Mascheroni constant or
the negatively generalized Euler constant. By
calculating in two different ways the limits of some
sequence, we will obtain the integral form of these two

As | have mentioned many times, computing the
limits of strings of real numbers belongs to the
category of hard problems, even unsolvable for many
teachers or students. The causes are multiple - see
those specified in (Vilcan, I, 2017). It is precisely for
this reason that this paper and others of the same kind
that will appear soon come to fill these gaps in the
knowledge of those interested. The formation and
development of the competences to solve
mathematical exercises and problems also requires the

3. Research questions

In our research we will try to find answers to the
following questions:

Can Euler-Mascheroni's constant be generalized?
In what way?

Can these generalized constants be determined?

constants ¢« and c-, and then we will calculate these Can  Euler-Mascheroni's new  generalized
two constants for different rational values of the  constants help in computing the limits of sequences of
number o. real numbers? How?
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4. Purpose of the Study

So, we will generalize, in two ways, the well-
known Euler-Mascheroni's constant for every number
o in the interval (-1,1). In fact, we will generalize the
results from (Valcan, 1994), following the ideas from

(Fihtenhholt, 1964).
5. Research Methods
5.1 Theoretical results

To begin, we present and prove the following
technical result, which we will use further:

Proposition 1: If the function f : [1,c0) - R is
monotone and bounded, then the sequence (an)n=1, With
the general term:

jl f(x)-dx
an=f(1)+f(2)+...+f(n)- 1 ,
(1.1)
Is convergent.

Proof: Since the function f is bounded on the
interval [1,+0), it follows that there are m, MeR, such
that, for every xe[1,+x),

m<f(x)<M.
(1.2)

Now, suppose that the function f is decreasing on
[1,+0). Then:

jlf (x) - dx f[f (n+1) —f(x)]-dx
an+1-an:f(n+1)- n =n <0.

(1.3)

So the sequence (an)n>1 is decreasing. It follows

that, for every neN*,
an<ai=f(1)<M. (1.4)

We prove that (an)n=1 is also lower bounded.
According to the hypothesis,

nl[f(k) _ kjlf (x)- dx}
amtil +(n)
S M09 - 000
=k=1 k +f(n)2f(n)2m. (1.5)

From the inequalities in (1.4) and (1.5), it follows
that, for any neN*:

m<an<M, i.e: the string (an)n=1 is bounded. (1.6)
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It therefore follows that the sequence (an)n>1 is
convergent.

The reasoning is analogous if the function f is
increasing.

Two remarks are necessary here.
Remark 2: The following statements hold:

S H(k)

1) The sequence (“ j“ﬂ is convergent if

U f(x) dx]
and only if the M n=1 js convergent.

lim | £00)-dx
2) |f n—oo 1

f()+f(2)+...+ f(n=1)+ f(n)
lim [ f(x)-dx

n—o 1 =1.

(1.7)

Proof: 1) The assertion in the statement follows
from the equality (1.1) and the conclusion of
Proposition 1.

=+o0, then:

2) According to the hypothesis, in the calculation
of the limit (1.7), we can apply the Stolz-Cesaro
Lemma - see, (Siretchi, 1985, p. 60) and, thus, obtain:

f() +F(2)+...+F(n—1)+F(n)

lim jf(x).dx
f(n+1)
n+1l f n 1
i 11000 im ey

where &,e(n,n+1) is the intermediate point,
resulting by applying the Mean Value Theorem for the

n+l
j f(x)-dx
integral n

Next we consider the sequence:
111 1 1

cro=l+2+3+..4n-14n_|nn.  (1.8)
Considering the map:

1
f:[1,4x) > R, where, for every x>1, f(x):;
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from Proposition 1, it follows that the sequence
(cn,o)n=1 is convergent.
lim lim

n—o Cn|0: n—oo
(1 1 1 1 1 j
S+ 44+ ——+——Inn | no
23 n-lom =co. (1.9
In the specialized literature, co is known as the
Euler-Mascheroni constant, or Euler's constant, and, to
50 exact decimal places, is:

Co=0,57721 56649 01532 86060 65120 90082
40243 10421 5933593992 ...

Moreover, from Remarks 2, it follows that:
11 1 1 1

1+2+3+...+n—1+ﬁ is

1) The sequence

divergent;
1 11 1 1
S e ——
I 1 2 3 -1 n
im
2) n—o Inn :1_

Now, we consider a generalized sequence of Euler
type; therefore, let a.€[0,1) and the sequence:
1 1 1 1
Cna= l+oo+2+0 +3+0 +...+4 N+ -In(n+av).
(1.10)

Let us show next that this sequence is
convergent. In this sense, we consider the map:

g:[1,©) - R,
xe[1,00),

where, for  everey
g(xX)=In(x+a). (1.11)

We note that the function from (1.10) is a Rolle
function and, according to Lagrage's Theorem - see
(Siretchi, 1985, p. 204), for every neN*, there is a
Ene(n,n+1), so that:

g(n+1)-g(n)=g’'(&n),

1
ie. In(n+1+a)-In(n+a)= 50 + & (1.12)
But, for every neN*,
Ene(n,n+1) is
1 1 1

equivalentto: N+1+o <&+ n+o  (113)

So, according to the inequalities from (1.13),
we have the inequalities:
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1 1 1
m<§l+a<1+0ﬂ, with:
&1(1,2);
1 1 1
3+oc<‘:z+0‘<2+oc, with:
&2€(2,3);
(1.14)
1 1 1
m<én—l+a<n—l+a’ with:
En1€(n-1,n);
1 11
N+l+a <& t% n+o with:
Ene(n,n+1);
that is, according to (1.12), we have the
inequalities:
1 1
2+ o <In2+0)-In(1+o)< 1+ |
1 1
3+a <In(3+a)-In(2+a)< 2+ o
(1.15)
1 1
N+ o <In(n+o)-In(n-1+a)< N —1+a
1 1

N+1+a <n(n+l+a)-In(n+a)< N+

Additing, member by member, the double
inequalities from (1.15), we obtain that:

1 1 1 1

2+a+3+o+ +N+o+n+1l+a
1 1 1

<In(n+l+a)-In(l+a)<l+a +2+a + +n+o (1.16)

From the inequalities in (1.16), it follows that:

1
Creta<1t O -In(1+a) and
n+1+a
Cno>In A+ 0)-(N+a) (1.17)
From the inequalities in (1.17), it follows that:
1 1 1

Inl+o <cha<lt+a +Inl+a (1.18)
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The inequalities from (1.18) show us that the
sequence (Cn,o)n>1 IS bounded. (A) On the other hand,

1

Chet,a-Cna= N +1+0 -In(n+1+a)+In(n+a)<O,
(1.19)

by the last inequality from (1.15). The inequality
of (1.19) tells us that the sequence (Cno)n=1 iS
decreasing. (B) Now, from statements (A) and (B), it
follows that the sequence (Cno)n=1 IS CONvVergent; so
this sequence has a finite limit. Let be:

lim lim

n—oo Cﬂ,a: nN—o0

1 1 1
+ + et
l+a 2+a 3+« n+ao

(1.20)
Now, consider the sequence:

1 1 1 1
Cna=l-0+2-a+3-a+...+N-a-In(n-a). (1.21)

—In(n+ OL)) not.
= Ca.

Let us show next that this sequence is also
convergent. In this sense, we consider the map:

h:[1,) >R, where, for every
Xe[1,00), h(x)=In(x-a). (1.22)

We note that the map from (1.22) is a Rolle
function and, according to the same Lagrage Theorem,
for any neN*, there is a {ne(n,n+1), so that:

h(n+1)-h(n)=h'(Cy), ie.
1
In(n+1-0)-In(n-c)= "0 % (1.23)
But, for every neN*,
Cne(n,n+1) IS
1 1 1
equivalentto: N+1-a <G =% n—o  (1.24)

So according to the inequalities in (1.24), we
obtain that:

/R S |
2-acbite 1-q with:
C1e(1,2);
1 1 1
3-a b0 2-0a, with:
&€(2,3);
(1.25)
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1 1 1
N-ocGr1=®% n-l-o with:
En1€(n-1,n);
1 11
n+l-ocS=%cn-a, with:
&ne(n,n+1);
that is, according to (1.23), the inequalities hold:
1 1
2—0a <In(2-0)-In(1-a)<1l-o
1 1
3—a <In(3-a)-In(2-a)< 2 |
(1.26)
1 1
n—a <In(n-o)-In(n-1-a)< N —1-a
1 1

N+1-a<In(n+1-o)-In(n-o)<nN—oa .

Additing, member by member, the double
inequalities from (1.26), we obtain that:

1 1 1 1
2-a +a +.+N—a+N+1-an(n+l-
1 1 1
a)-In(l-a)<l-a+2-o+ +n—-o (1.27)
From the inequalities in (1.27), it follows that:
1
Cret-a< 1= 0L -In(1-01) and
n+l-oa
Cnosin@=0)-(N—a) (1 2g)
From the inequalities in (1.28), it follows that:
1 1 1

In 1-a <cn,.m<R +In 1-a . (1.29)
The inequalities from (1.29) show us that the
string (Cn-«)n=1 is bounded. (C) On the other hand,
1
Cn+1-0-Cn-o= N +1— 0 -In(n+1-a)+In(n-a)<0, (1.30)

according to the last inequality from (1.26). The
inequality of (1.30) tells us that the sequence (Cn,-o)n>1
is decreasing. (D) Now, from statements (C) and (D),
it follows that the sequence (cn,-«)n=1 IS convergent; so
this sequence also has a finite limit. Let be:
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lim lim

N— G g = N>

(1 1 1 1
+ +

+...+
l-a 2-a 3-a n—o

- In(n —(x)j not.
= C-a.
(1.31)

Remarks 3: The following statements hold:

1) Convergence of the string (Cn,a)n>1 results also
by applying Proposition 1, for the map:

gr: /14 >R,
1

gi(x)= X+ | (1.32)

2) Convergence of the string (Cn,-«)n>1 results also
by applying Proposition 1, for the map:
hy: /1,+o) >R,
1

hi(x)=X—2 .

where,for every

X1,

where, for every x>1,

(1.33)

angl(k)J
=1 and

3) The sequences [“
Snw]
k=1

4) The following equalities hold:

n=1gre divergent.

D 9,(k)
k=1
lim [ 9:0)-dx
n—ow 1 =1 and
> hy(k)
k=1
lim J1(x)-dx
noow 1 :1 (134)

Proof: 1) The proposition in the statement follows
from the proof of Proposition 1, applied to the function
g1

2) The proposition in the statement follows from
the proof of Proposition 1, applied to the function h;.

3) Because:
Jo.00-dx  Nn*o
1 =In l+a and’
jim [ 9:00)-dx
thus: n—o 1 =+00, (1.35)
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according to Remarks 2, p.1), the sequence

@gl(k)j

n=1 js divergent. On the other hand, because:

j h,(x)-dx N—%
1 =ln1l-a and,
lim j h,(x) - dx
thus: n—o 1 =+, (1.36)

according to Remarks 2, p.1), the sequence
S0
k=1

4) According to equalities from (1.35) and (1.36),
respectively, and point 2) from Remarks 2, it follows
that equalities (1.34) hold, i.e.:

n21 js divergent.

lim
n—o0

1 1 1 1 1
+ + ot +

1+ 2+a 3+a n-1+o n+ao
In(n+a) -1
(1.37)

and
lim
1 1 1 1 1
4o +

l-a 2-a 3-a n-l1-o n-a
In(n—a) -1
(1.38)

Now let's evaluate these constants c« and C... In
this sense, we proceed as follows: for any keN*, the
equality holds:

e iid bareed
k-(k+a) o .\k k+a) (1.39)

So according to equality (1.39),
e Hietd)
k- (k+o) —g.iG\k k+a

i j(xk—l _ Xk+a—1) . dxj

[N

0

Q|+

=1

jx“-(l—x“)-dxj

Q|+
.7?
.L



Teodor Dumitru Vilcan

1
L a-x) i
=Q.0 -X
1 o [0} n
1 Il X" ax 1 Jm.dx
—o.01-X 1-x .
(1.40)

Passing to the limit, when n — oo, from

equalities (1.40), it follows that:

1 o
Tl -t
nl—>rg> k_lk (k+OL) a.o 1-X _nl—>rg> a .
J»(l x)x ijl_x dx
_ 1-x
0.0 , (1.41)
because according to Proposition in (Valcan, I,
2016),
- x°‘) X"
Ilm—.[
n—oo :0
(L.i)
But,
L1 1 ”(3_ 1 )
ok-(k+o) —q.EG\k k+a
13l
—a.aK_a.iGdk+a
L e
—a.\1 2 n-1 n)_qg
1 1 1
— 4+ +.+
l+a 2+« n-l+oa n+a
1 [1+1+...+—+——Innj
—a.\1 2 n-1 n
1 1 + ! +.ot ! + ! —In(n +a)
o .d+a 2+a n-l+oa n+a
1 n

+0. nN+a
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1 1o

= .(Cno-Cna)t & -In n+ao

(1.42)

So, passing to the limit, when n — oo, from the
equalities (1.42), it follows that:

lim Z 1

noeo ko1 K- (k+0t) 0. -(Co-Ca). (1.43)

Now, from equations (1.41) and (1.43), it
follows that:

1 o
J‘ll—X - dx
Co-Ca=0 ~ % : ie.
1 o
J-ll—X - dx
0 X (1.44)

We proceed analogously for the evaluation of
C.a. For any keN*, the following equality holds:

e ka k)

So according to equality (1.45),

Sl i1y
K (k-a) g . iG\k-a k

Ca=Co-

(1.45)

n /1
i (J‘(Xk a-1 Xkl)_dXJ
= . k1\o

n (1
1 Ux“ (x —1)-dxj
=qo . k1\o

1 p
ij XK (x7 —1) - dx
=0 .0k=l

1 n
1 j(x‘“ —1)- > X dx
=0.0 k=1
1 1 1-x"

o _1q).

T

1 -a
EJ‘X —1. 1 J(X —1) X" -dx
=0 .0 1-x -0,

(1.46)

Passing to the limit, when n — oo, from
equalities (1.46), it follows that:
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1 lX_a—l
.dx ,. -
!L”lgk(k a) = a!l_x im S
1 o
I(X 1)x -dx EJA al—lx dx
—o o X d=X) g gy

because according to Proposition in (Valcan, I,
2016),

n>n Ol =0 (L.ii)
But,
n 1 1 n (i_lj
K- (k—a) —q.id\k-a k
1 - 1 L1
. 2k

= '(Cn,-a'Cn,O)- . nn—-a, (148)

So, passing to the limit, when n — oo, from the
equalities (1.48), it follows that:

lim Z 1

n—ow k—lk (k G,) a. (Ca CO) (149)

Now, from equations (1.47) and (1.49), it
follows that:

(1.50)
Because,
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lim 1-x* lim 1-x*

X—1 X—1 e 1w
wd (1xyte 1-X =0 and x4 (Lxyte X (1= X) =g,
(151)

according to (Siretchi, 1985, Corollary 3, p. 388),
the integrals:

1 o 1 o

Jl—x - dx jj‘—x.dx

o 1=X and 2% -(1-x)

are convergent; therefore, all equalities in which
they intervene are valid. So for any ae(0,1), the
numbers cq and c.o exist. We will call these limits, c«
- the positive generalized Euler-Mascheroni constant
or the positive generalized Euler constant, respectively
C.a - the negatively generalized Euler-Mascheroni
constant or the negatively generalized Euler constant.

If:

1 1 1 1 not.
l+a+2+0+3+a+...+N+a = Hy, (1.52)
and

1 1 1 1

not.

l-o042-04+3-0 +...4N-a = Hn,-(x, (152')

then, according to equalities (1.10) and (1.21), we

have:
Cn,a=Hn«-In(n+a) and cn-«=Hn-o-In(n-a).  (1.53)

5.2 A few particular cases

Next, let's calculate some such Euler-type
constants, generalized positively and negatively
respectively, for different values of a.e(0,1).

1
1) a=2. In this case, according to the equalities
in (1.44) and (1.50), we obtain,
1
11 _y2
J-l X - dx
: 1-x
C2=Cp-0 and
1
1 _y2?
I 11 X dx
. 1
¢ 2=cot X2 -(1=X) (2.1)
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1 2 1 _ 1 . 3 1 3
le-dx J‘l &-dX I1X~dX Il &-dx
O:|.—X - 1-x — ol_x =0 1-x =
1 1 1 1 \/_ 1 1
-dx -dx dX | ———— .dx
!(1 \/_) (1+\/_) :'([1"'\/; '([ -3x)- (1+§/_+\/— :!,.1 3x +3x?
1 1 . 1 3/2 1 2
| Jx o JIx +1-1 i i X T Y 4
:2'02'\/;'(1+‘/;) =2~02'“/;'(1+“/;) :3.03-§/?-(1+3X+W) =3. l+y+y’
| 1 1 1 1 1
-dx -dx d —y+ -d
:2_-([2-\/; _2_'([2'\/;-(14-\/;) :3_-([ y_3_£y2+y+1 Y
¢ 2.y+1 fo1
3 dy 3 dy
=2-\/;ﬁ)-Z-In(l.H\/;)’t:Z-Z-InZ, 2.2) :3yTClJ_2 £y2+y+1 3 £y2+y+1
and: j’ 1 4
Lo % 3 30 1) 3
jl X J. -dx :3-E.|n(1y2+y+1)0-5. y+§ +Z
0x2.(1-x) \/_ (1 X) _ '
1
1 1-Jx 1 3 3 2 2-y+1
‘dX | ———-dx Py Py
!&.(1_\/;).(1+\/§) :I&.(1+J§) =3-2.In3- 2 */§~arctg V3 [0
Ly . 3 E_Ej 3 B
| X =3-2.4n3-¥3.\3 6)3. 203 6 | (26)
2202 V% @X) L 10 149X ) 0 g, (2.3) -
Now, from equalities (2.1), (2.2) and (2.3), we L
obtain that: 1 1_x3
J‘1 -dx Ii/_ dx
1 1 0 y3, 1—
C2=Cp-2+2-In2 and ¢ 2=co+2:In2.  (2.4) X2+ (L=x) ( X)
1 IS
- 3 3 3
2) a=3. In this case, according to the equalities o ¥x - (- */_) (1+\/_+\/_)
in (1.44) and (1.50), we obtain, 1 1
-dx
Jl-l—x; :li/;-(l+3x+§/?)
-dx
1
CE:CO_O 1-x and j‘ i/; -dX j‘ y dy
j 1— % ] :3,03-§/F-(1+i/§+§/?) :3.01+y+y2
1
1 3 1 1
c 3:C0+0x3 -x) (2.5) 3 J‘ 3 y+1 dy 3 I%'dy
But =2. Oy +y+1 _2 oy +y+1
1
[y
0

3
2.
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0]

1

I 1-¥x)-@+3¥x)

=2.n3- 6 (2.7)

Now, from equations (2.5), (2.6) and (2.7), we
btain that:

) § n-\/§
c®=co-3+2.In3+ 6
) § n-\/§

¢ 3=co+2.In3- 6

and
2

3) a=3. In this case, according to the equalities
in (1.44) and (1.50), we obtain,

(2.8)

2

j-l—x3

2

Cc3=cg-0 and

(2.9)

j1_x§ » jl—%/?.dx

1-Xx 1-x

0 =0 =

1
-dx .([1

1+«/_

s (1-3x)- 1+ ¥x +Ix?)
j @+¥x)-Ix2 dx j-y3+y2 dy
-3 2 3-3/x2 - (1+ X +3x?) :3‘01+y+y2
1 1
[yay [ —-d
=3.0 _3.0y +y+1
1, ¢ 2-y+1 £l
33y 3 [y
:2.y20_2 oY TY+ +2.0Y tY+
1
1
[ty
2
33 ’l 3 °(y+lj +§
=2-2 In(Ly*+y+1) 10+ 2. 2) 4
3 3 3 2 2-y+11
=2.2 In3+ 2. \/§ .arctg \/§ 0
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-dx I )
:OW'(]-_X)

j— a-3x)a+3¥x)

2 - (1-3/%) - L+ 3% + %)

j- 1+3/x

—0 (1+‘°&/_+\/_

-dx

-dx

1+3/x - dx j-
3~?&/F~(1+i/§+3§/?) 3. 1+y+y’

1

O ey

=3.

j- 2-y+1
.Oy2+y+1

o'—.

+

<

+

[
D_
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Now, from equations (2.9), (2.10) and (2.11),
we obtain that:

, 33 m8
c¥=Cp-2+2.In3- 6 si
3 m-/3

2
c 3=Cot+ 2 -In3+ 6 (2.12)

6. Findings and conclusions

So, for any real number ae(0,1), the sequences
(Cno)n=1 and (Cn-«)n>1 are convergent and thus their
limits: co and c.« exist. Therefore, we can say that we
answered affirmatively to the questions in Paragraph
3.

Of course, this work is one of the Didactics of
Mathematics and is also addressed to pupils, students
or teachers attentive and interested in these issues.



Teodor Dumitru Vilcan

Moreover, in writing this paper | used, for the
didactic part, mainly the ideas from (Valcan, 2022).
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