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Abstract In the context of training and developing the skills of teachers, students and children to solve exercises and
problems in Mathematics, in this paper we propose to continue the steps started in the first three papers with

the same generic title and marked symbolically with (1), (I1), respectively with (111) namely, the presentation
of some ways of achieving a systemic vision on a certain notional mathematical content, a vision that motivates

KeyV\_/ords: . . and mobilizes the activity of those who teach in the classroom, thus facilitating both the teaching and the
equation, system, solution, matrix, Lo o . . A
ring assimilation of the concepts, concepts, and scientific theories addressed of the educational disciplines that

present phenomena and processes from nature. Thus, we will continue in the same systemic approach, solving
some Diophantine equations of higher degree, more precisely some generalizations of the Pythagorean
equation and some quadratic Diophantine equations, in the set of natural numbers, then of the whole numbers,
in order to "submerge" a such an equation in a ring of matrices and try to find as many matrix solutions as
possible. The methods used, in this work, in solving the Diophantine equations, are diversified and different,
for the most part, from those used in previous works of this type. It will result, then, that the methods of solving
matrix equations related to these equations will follow the same direction. To facilitate the reader's
understanding of the solutions of these matrix equations, in some cases we have also presented examples.

1. Introduction

As we stated above, in this paper we will continue In (Vilcan, 2019), after a short Introduction in
the steps started in (Valcan, 2019) and continued in  which I highlighted the role and place of Mathematics
(Valcan, 2022) and (Valcan, 2023), namely, we will  in the study of Natural Sciences and highlighted the
present a way of achieving a systemic vision on a  importance of a systemic approach to mathematical
certain notional content mathematically, more  content in school, | moved on, in Paragraph 2 of this
precisely, of passing from certain Diophantine  paper, to solving the Pythagorean equation:
equations to various matrix equations, a vision that

) o T x2+y?=7? A
motivates and mobilizes the activity of those who teach y=z _ A)
in the classroom, thus facilitating both the teaching and or of the equivalent form:
the assimilation of notions, concepts, scientific theories -2 '

iy z-y)-(z+y)=x", A
approached by the educational disciplines that presents @) -y) ) ) _( )
phenomena and processes from nature. after Wthh, in order to solve the matrix equatlon:

Thus, we will continue, in the same systemic X2+Y?=72, (A")
approach, solving some Diophantine equations, more in Paragraph 3, we determined Pythagorean

precisely some generalizations of the Pythagorean  mqyrices; that is, we determined solutions, from Ma(2),
equation and some Diophantine equations of higher of equation (A”). In Paragraph 4 of this paper we

glegree, In the set of natural numbers, then 9f intggers, determined other Pythagorean matrices of order n>2.
in order to "submerge™ a such an equation in a ring of

matrices and try to find as many matrix solutions as The paper (Valcan, 2022) has two large paragraphs.
possible. In the first paragraph, marked with 5, I generalized the

Pythagorean equation (A), in the form of equation (B)
and in the form of equation (B"), | solved them in the
set of natural numbers and then of whole numbers,
after which | transferred them both to the Mn(Z) ring.
In the second paragraph, marked with 6, | proceeded

Therefore, this paper is a continuation of the papers
(Vélcan, 2019), (Valcan, 2022) and (Valcan, 2023). In
this sense | kept and continued not only the ideas but
also the numbering of the paragraphs and the results.
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analogously with (other) four types of Diophantine
quadratic equations marked with (C), (D) — with the
particular cases (D”) and (D™), (E) and (F),
respectively.

Thus, the Diophantine equations studied in this
paper were:

X2y +72=g2, (B)
2 2 2 2
X1+X2+...+szxk+11 (Bn)
x2+a-x-y+b-y?=z2, (C)
y-(@x+b-y)=(z-x)-(z+x), )
L i not. m
Z—X:a'X+b'y = n1 (Cn)
X2+a-X-y+a’-y?=z?, (D)
X2+X'y+y2:ZZ, (Dm)
X2-x-y+y?=7?, (D)
X2+X.y.t+y2:221 (E)
X2HU-X-Y+V-y?=72, (F)

where a, beZ, and the matrix equations, attached
to them and studied here, were:

X2+Y2+22:T2, (B,)

2 2 2 2
XL +X24-- + Xk =Xkl (B")
X2+a.X.Y+b.Y2:ZZ, (Cm)
X2+AX-Y+B-Y?=Z?, (C™)

X?+a-X-Y+a2.Y?=72, (D"

X2+A-X-Y+A2Y2=72, (D"
X2+ X-Y+Y?=72, (DM
X2-X-Y+Y?=22, (D¥)
X2+ XY T+Y2=22, (E")
X2+U-X-Y+V-Y?=272, (F)

where a, beZ, and A, B, U, TeMy(2).

In the paper (Valcan, 2023), in Paragraph 7 (the
only one!), first, | solved the negative Pythagorean
equation (G) and then I moved on to solving higher
degree equations: (H), (H1), (Hz), (1), (), (K), (L), (M),
(N), (O), (P), (Q) and (S), in the set of natural numbers
and then of integers, after which we moved on to
solving the corresponding matrix equations, in the ring
Mn(Z2).
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Thus, the Diophantine equations studied in this
paper were:

X2y ?=z?, (G)
x*+yt=72, (H)
X +yt=z", (N
xH6-x2.y?+y*=2.72, )
X'+y'=z", (H1)
XMy 42"t (Ho)
x'-y'=2%, (K)
x'=y+2, (Ky)
ut-vi=q’, (K2)
x+yt=2.22, (L)
X4+6-x2y2+yA=72 (M)
(2:X)*+6-(2-x)%(2:y)*+(2-y)*=(4-2)?, (My)
X*-6-x2-y?+y*=72, (N)
X4 +14-x2y2+y*=72, (0)
u-uv+vi=z2, (P)
3. x4+10-x2.y?+3-y*=72, Q)
(3X*+y?)-(x*+3-y?)=2%, Q1)
ut+u2v2+vi=t?, (R)

and the matrix equations, attached to them and
studied here, were:

X2+Y2=772, (G)
X4+Y4=272, (H")
X4+Y4=74, (1
XH46-x2.y?+y*=2.72, (3

XA4+Y4+Z4=T* (H2)
X4-Y4=72, (K"
X4+Y4=272. (L)

X4+6-X2.Y2+Y4=Z2, (M)

X4-6-X2.Y2+Y4=Z2, (N")

X4H+14-X2.Y2+Y4=72, (0)

XA-X2.Y2+Y4=72, (P)

3-X4+10-X2-Y2+3.Y4=Z2, Q)

2. Problem statement
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As | have mentioned many times, solving
Diophantine equations belongs to the category of hard,
even unsolvable problems for many teachers or
students. The causes are multiple - see those specified
in (Valcan, 2023). Precisely for that reason, these four
papers come to fill these gaps in the knowledge of
those interested. The training and development of the
competences to solve exercises and problems in
Mathematics also requires knowing and mastering the
techniques presented in these four papers.

3. Research questions

In our research we will try to find answers to the
following questions:

Can Pythagoras' equation be generalized in another
way, than as I generalized it in the works (Vilcan,
2022) and (Valcan, 2023)?

Do the new generalized Pythagorean equations
have solutions in the set of integers? What about other
higher order Diophantine equations?

If we immerse these generalized Pythagorean
equations in the matrix ring, Mn(Z), do the new matrix
equations have solutions in this ring?

4. Purpose of the study

Therefore, we will generalize, in other ways than
those presented in (Valcan, 2022) and (Valcan, 2023),
the well-known Pythagorean equation:

XP4y?=2’ (A)

we will solve in the set Z and these new generalized
Pythagorean equations, and we will study their
solvability in a matrix ring.

5. Research methods
5.1 Solving Diophantine equations of type (S)

In this paragraph we will solve Diophantine
equations of the form:

xP+yi=7", (S)
where p, g, reN*. Thus:

1) If the numbers p, g and r are relatively prime
two by two, then we will prove that the
equation (S) has an infinity of solutions in
natural numbers.

Indeed, because:
(r,p)=1 and
it follows that:

(r,p-)=1.

(ra)=1,

(8.1)
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S0, according to equality (8.1), there are the exista
u, veZ, such that:

r-u-v-p-g=1  orotherwise r-u=v-p-g+l. (8.2)
Now, because:
2P V4P AV=P-q v+l (8.3)

according to equalities (8.2), it follows that the
triplet (29V-n97 2PV.nPT24.nP9) js a solution of the
equation, for every neN*.

Further we will particularize the equation (S), for

different values of the naturally non-zero numbers p, q
and r. To begin with, we consider the equation:

X+y'=z", (S)

where n, meN*, with m>n>2. Let's consider a few
particular cases:
2) For:
n=2 and m=2,

from equality (Si), we obtain the Pythagorean
equation (A), analyzed in (Vilcan, 2019).
3) For:
n=2 and meN?

from equality (Si), we obtain the following
equation:

X>+y?=z", (Sn)
If we start from equality:
(x+i-y)-(x-i-y)=z", (8.3)

we obtain that:
X+i-y=(p+i-q)"
1 2 3
:pm+Cm .pm‘l.q.i-Cm .pm‘z.qZ-Cm .pm‘
4 5 2
3.q3.i+C m .pm‘4.q4+Cm .pm‘5.q5.i-Cm .pm‘ﬁqﬁ-... (84)

From this last equality, we obtain that:

X:pm_czm .pm'z.q2+Cfn .pm'4.q4_C§n .pm'ﬁc(le.+5.. ,
8.5

y:Cin .pm‘l.q_Ciw .pm‘3.q3+Ci1 .pm‘5.q5._... , (8.6)

X-i-y=(p-i-q)™ (8.7)
and, from equality (Si1), we obtain that:
7=p+q>. (8.8)

Of course, if m is even, that is:

m=2-r,
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with reN*, then equation (Si1) becomes:
X2+y?=72", (Sir)

and the triplet (x,y,z") is a Pythagorean one for this
equation. So, from Theorem 2.5 from (Vilcan, 2019),
it follows that:

x=a%-b?, y=2-a-b

and z'=a’+b?, (8.9)

with a, beN*. But then (a,b,z) is a solution to the
last equality above, which is an equation of type (Si).

Therefore,
2 4 2
a:p’_Cr .p"'z.q2+Cr .pr'4.q4_Cr .pr'6q6.+..., (8_10)

1 3 5
b=C- .pr‘l.q-Cr .pr‘3.q3+Cr .pr‘5.q5.-... ’
and

(8.11)

X:(pr_C ? .pl’-2_q2_}_(:;1 _pr-4_q4_C ? _pr-6q6_+ . )2_
1 3 5
(Cr .pf'l_q-Cr -pr'g-q3+Cr .pr'5.q5._ e )21 (8.12)

y:2(p;_C f .pr'z.qz+c;1 .pr'4.q4_Cr2 .pr'6q6.+ cen
1 5
)-(Cr-p™t-g-Cr-p3-g3+Cr -p™>-q°----+), (8.13)

Z:(p"-Cf .p"‘z.qz+C;1 .pr"l.q‘l_Cr2 .pr'6q6.+...
1 3 5
Y2+(Cr-pt.g-Cr-p™3.g3+Cr-p™.q°---- )% (8.14)
Now, we will give m different values, obtaining
some special cases for equation (Siz). Although these
equations have the solutions given by equalities (8.5),

(8.6) and (8.8), we will approach their solution from
another perspective. Thus,

4) For m=3, from equality (Si1), we obtain the

following equation:
X*+y*=2%, (Sina)

We note that equation (Si11) is symmetric in x and
y. So, if (x,y,z)eZ is a solution of the equation (Si1),
then (y,x,z)eZ is also a solution of this equation.

We also note that (0,0,0) is a solution of this
equation (Si11). On the other hand, if:

x=0,
then equation (Si11) becomes:

y*=z’, (Si2)
and (y,z)=1. It follows that:
y=a> and z=a? (8.15)

with aeZ. Indeed, let be:
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o 0y ay B B2 B
k
)

y=pl -p2 ----- pk and z=pt -p2 -----p

where, for every izl’k, pi are prime numbers, and
oi and Bi are natural numbers. Equality (Sii2) implies,

for every i=LK :

2023 p. (8.16)

From here it follows that, for every i:1’ k :
Bi=2-6i,

with yi and & natural numbers. Now, from equality
_1k.
i=-"

oi=3-yi and

(8.16), it follows that, for every
Yi=0i
and thus equalities (8.15) hold.

Now let us determine the solutions with non-
zero components of the equation (Si1). We first note
that if:

X=z,

then the equation becomes:

X*+y?=x3, (Sis)
or:

X2 (x-1)=y*. (Sia)
From here it follows that:

x=k?+1 and  y=k-(k*+1), (8.17)
with keZ. So the triplet

(k?+1,k-(k?+1),k?*+1)eZxZxZ is a solution of the
equation (Si1a).

We present, below, a table with the first ten values
of keN*:

K |x=k?+1 |y=k-(k?+1) |z=k?*+1
1 2 2 2

2 5 10 5

3 10 30 10
4 17 68 17
5 26 130 26
6 37 222 37
7 50 350 50
8 65 520 65
9 182 738 82
10 |101 1010 101

Now, suppose that x=y. In this case, we write
equation (Siz1) in the form:

(x+i-y)-(x-i-y)=2. (Siss)
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Considering the uniqueness of the decomposition
into prime factors in the ring Z[i], from equality (Si1s),
it follows that there are a, beZ, such that:

x+i-y=(a+i-b)3. (8.18)
From here it follows that:
x=a%-3-a-b> and y=3-a%b-b®. (8.19)

From these equalities and the equality (Sii1) it
follows that:

z7=a2+h?. (8.20)

So, for any a, bez, the triplet (a3-3-a-b?3-a%b-
b3,a%+b?) e ZxZxZ represents a solution of the equation
(Sin1). Of course, equalities (8.18), (8.19) and (8.20) are
particularizations of equalities (8.4), (8.5), (8.6) and
(8.8).

Below, we present a table with the first 25 values
of a, beN*, with a>2-b:

X y z
2 11 5

18 26 10
52 a7 17
110 74 26

196 107 37
322 146 50
488 191 65

711 242 82
0 970 299 101

16 88 20

65 142 29

144 208 40
259 286 53
416 376 68
621 478 85

0 880 592 104
54 297 45
154 414 58

296 549 73
486 702 90

OO RPOONOoO P OOINOOARPROIONOIOCIHHRWIN D

AR PRWWWWWNINININININNRFPRPRPRPRPRFPIRFPEPEP R RERTO

0 730 873 109
128 704 80
297 908 97
10 520 1136 116
10 5 250 1375 125
A few remarks are in order here:
Remark 8.1: If;
X=y

then equation (Si11) becomes:
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2-x2=7%, (Sie)
and equalities (8.19) imply:
a3-3a%-b-3-a-b%+h®=0, (8.21)
what gives us:
b=-a. (8.22)

So, in this case, from the equalities (8.19) and
(8.22), we obtain that the solution of the equation
(Snie) is given by the triplet (+2-k3+2-k32-k?), with
keZ.

Remark 8.2: If:
X=z,

then equation (Si11) becomes:

X2+y?=x3, (Sus)
and implies:

as-3-a-b?=a?+b?, (8.23)
whence it follows that:

a’-a® a’-(a-1

h2=3-a+l= 3-a+l | (8.24)
with a>1. Because:
(a,3-a+1)=1, (8.25)

a-1

from equality (8.24), it follows that 3-a+1eN,
which is false, because, whatever aeN*, with a>1,
a-1

3-a+1¢(0,1). So equality (8.23) is impossible and
equation (S1113) has no solution in this case / of this
form.

Remark 8.3: If:
y=z,
then equation (Si11) becomes:
ey,
and implies:
3-a%-b-b3=a+b?,
whence it follows that:
b +b*> b*-(b+1)
a?=3-b-1= 3-b-1

(Siz3)

(8.26)

(8.27)
with b>0. Because:

(b,3-b-1)=1, (8.28)
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b+1

from equality (8.27), it follows that 3-b-1eN;
but this happens only for case:

b=1,

b+1

because, whatever be N*, with b>1, 3-b—=1¢(0,1).
So equality (8.26) holds exactly if:

b=1. (8.29)

In this case, the only solution with integers, of the
form (8.19) - (8.20), of the equation (Sit3) is: (¥2,2,2).

Remark 8.4: If:
(x,y,2)=(a3-3-a-b?3-a%-b-b% a?+b?) e ZxZxZ (8.30)
is a solution of equation (Si11), then:

a=+1 and

1) (x,y)=1implies (a,b)=1; (8.31)
i) (a,b)=limplies (x,y)e{1,2}. (8.32)

Proof: i) This implication is immediate and follows
from the equality (8.30).

il) According to equality (8.30),
x=a-(a®>-3-b?) and  y=b-(3-a%-b?).
Then, according to the hypothesis,
(a,3-a2-b%)=(a2-3-b2,b)=1 and (x,y)=(a*-3-b? 3-a-b?).
If:

d=(x,y),
then:
d|(8-a% and  d|(8-b?);
so0, according to the hypothesis,
d|8s.

It follows that de {1,2,4,8}. The equality:
d=1

can occur, if a is even and b is odd, or vice versa,
for example:

a=2 and b=3.

In this case,
x=-46 and  y=9,

and, from equality (Si11), it follows that:
z=13.

If a and b are odd, that is:

a=2-m+1 and b=2.n+1,
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with m, neN*, because the case:
a=b=1

was discussed above, we can consider that m>1 and
n>1. Then,

x=(2-m+1)-(4-m?+4-m+1-12:n>-12.n-3)
=(2-m+1)-(4-m?+4-m-12:n%-12.n-2)
=2-(2-m+1)-(2-m?+2-m-6-n?-6-n-1),
and
y=(2-n+1)-(12-m?+12-m+3-4-n>-4.n-1)
=(2-n+1)-(12-m?+12-m-4-n*>-4-n+2)
=2-(2-n+1)-(6-m?+6-m-2-n?-2-n+1).
It follows that:
d=2
and, from equality (Si11), it follows that:

z=2-(2:m?+2-m+2-n>+2.n+1).

Example:

a=3 and b=5.

In this case,

x=-198 and y=10,

and, from equality (Si11), it follows that:
z=34.

It is also noted here that d¢ {4,8}.

5) Equation (Si11) is a particular case, for n=2, of
the equation:

Xn+yn:Zn+1’ (Sln)
which is solvable in Z. Indeed, it is immediately
verified that, for any keZ, the triplet
(K"+1,k-(k"+1),k"+1)eZxZxZ is a solution of the
equation (Sin); see equalities (8.17).
6) For:
n=2 and m=4,
from equality (Si), we obtain the following
equation:
x*+y?=z%, (Sir7)

We obtain this equation (Sii7) also from the
equality (Sr), for r=2.

We note that (x,y,z%) is a Pythagorean triplet for
equation (Sii7). So, according to Theorem 2.5 from
(Valcan, 2019),
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x=a%-b?, y=2-a:b

and 72=a+b?, (8.33)

with a, beN*. But then, from the last equality in
(8.33), it follows that (a,b,z) is a Pythagorean triplet.
So, according to the same Theorem 2.5 from (Valcan,
2019),

a=p*¢, b=2:p-q

and 7=p?+0?, (8.34)

with p, geN*. It follows that,

x=p*-6-p*q?+q°, y=4-p-q-(p*-?)

and 7=p?+0?, (8.35)

with p, geN*. We arrive at the same result if we
start from equality:

(x+iy)-(x-i-y)=z".
From here it follows that:
x+i-y=(p+i-q)*
=p*+4-p>q:i-6-p%0%4p-q>i+q". (8.37)
From this last equality — (8.37), we obtain that:

(8.36)

x=p*-6-p?-q>+q* and
y=4-p-q-(p*-q?), (8.35)

and, from equality (Si17), we obtain that:

z=p>+0>. (8.35)
It is noted that equalities (8.35) are

particularizations of equalities (8.5), (8.6) and (8.8), for
m=4, or of equalities (8.12), (8.13) and (8.14), for r=2.

7) For:
n=2 and m=5,

from equality (Si), we obtain the following
equation:

X2+y2225. (Sizs)
If we start from the equality:
(x+i-y)-(x-ivy)=2°,
we obtain that:
X+i-y=(p+i-q)°
=p°+5.-p*.q-i-10-p®g?-
10.p2.q3.i+5.p.q4+q5.i_

(8.36)

(8.37)
From equalities (8.37), we obtain that:

x=p°-10-p3.¢?+5-p-q* and
y=5-p*-q-10-p> 4>+, (8.38)
and, from equality (Sizs), we obtain that:
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z=p?+q2. (8.39)

Here too, we note that equalities (8.39) and (2.39)
are particularizations of equalities (8.5), (8.6) and
(8.8), for m=5.

8) For:

n=2 and m=6,

from equality (Si), we obtain the following
equation:

X2+y?=7°, (Sito)

We note that (x,y,z%) is a Pythagorean triplet for
equation (Si). So, according to Theorem 2.5 from
(Valcan, 2019),

x=a%-b?, y=2-a-b

and 73=a+b?, (8.40)

with a, beN*. But then (a,b,z) is a solution to the
last equality in (8.40), which is an equation of type
(Si11). So, since the last equality in (8.40) is an equation
of the form (Si11), according to equalities (8.5), (8.6)
and (8.8),

a=p%-3-p-q?,
and 7=p?+0?,

b=3-p*q-g°
(8.41)
with p, qeN*. Now, from equalities (8.40) and
(8.41), it follows that,
X:p6'15'p4'q2+15'p2'q4'q6,
20-p%.g%+6-p-q°, and

y:6.p5.q-
z=p?+q?, (8.42)

with p, geN*. We reach the same result if we start
from the equality:

(X+i-y)-(x-i-y)=z°. (8.43)
From here it follows that:
x+i-y=(p+i-q)°
=p®+6-p°.q-i-15-p*-g*-
20-p®-g3-i+15-p%-q*+6-p-g°-i-g°. (8.44)

From this last equality — (8.44), we obtain that:
X:p6'15'p4'q2+15'p2‘q4'q6

and  y=6-p°q-20-p3-q3+6-p-°, (8.45)
and, from equality (Si19), we obtain that:
z=p?+q>. (8.46)

As above, and here, we note that equalities (8.45)
and (2.46) are particularizations of equalities (8.5),
(8.6) and (8.8), for m=5.

9) For:
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p=2, q=3
and r=6,
from equality (S), we obtain the following
equation:
x2+y=z%, (Smn)

The equation (Siyz) has an infinity of natural
number solutions.

Indeed, because:
28°+8%=6",

it follows that the triplet (28:n%8:n%*6:n% is a
solution of the equation, for every neN*.

10) For:
p=2, g=5
and r=3,

from equality (S), we obtain the following
equation:

x2+y5:z3. (Si2)

The equation (Siz) has an infinity of natural
number solutions.

Indeed, because:
102+35:73, or (210)24_(24)5:(27)3’
it follows that the triplets (10-n%°,3-n%7-n'% and

(210.n°,24.n5,27.n1%) are solutions of the equation, for
every neN*.

11) For:
p=2, g=5
and r=4,

from equality (S), we obtain the following
equation:

x2+y°=z%, (Si)

The equation (Siz) has an infinity of natural
number solutions.

Indeed, because:

724+2°=3%,

it follows that the triplet (7-n*°2.:n%3-:n%) is a
solution of the equation, for every neN*.

12) For:
p=3, 6=4
and r=5,

from equality (S), we obtain the following
equation:
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x3+yt=27°, (Sna)

The equation (Sius) has an infinity of natural
number solutions.

Indeed, because:
224+224:225’ or (28)3+(26)4:(25)5’

it follows that the triplet (28.n%°,26.n'%25.n%?) is a
solution of the equation, for every neN*.

13) For:
p=3, g=5
and r=2,

from equality (S), we obtain the following
equation:

X3+y°=72, (Sus)

The equation (Sis) has an infinity of natural
number solutions.

Indeed, because:
23+15:32, (S||5)

it follows that the triplet (2:n°n®3-.nY) is a
solution of the equation, for every neN*. On the other
hand, it is immediately verified that the triplet
(n"-(n+1)°,n*(n+1)3 n%(n+1)8) is also a solution of this
equation, for any neN*.

14) For:
p=3, g=3
and r=2,

from equality (S), we obtain the following
equation:

x3+y3=72, (Sus)

The equation (Sie) has an infinity of natural
number solutions.

Indeed, let be:

(x+y,X-x-y+y?)=d.

Then, d | (x+y) and d | (x?-x-y+y?); so d | (3-x-y).
Because (x,y)=1, it follows that de{1,3}. Therefore,
we have two cases:

Case 1: d=1, i.e. (x+y,x?-x-y+y?)=1. Then:
X2-X-y+y2=h?

(8.47)

According to equality (6.15) in (Valcan, 2022), the
second equality holds if:

x+y=a?,
and Zz=a-b.
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X=m?-n?, y=2-m-n+m?
and b=m?+m-n+n?, (8,48)
where m, neN* and m>n. Then, from the

equalities (8.47) and (8.48), it follows that:
a’=2-m%+2-m-n-n?, or a+(m-n)?=3-m?,
which is impossible.
Case 2: d=3, i.e. (x+y,x>-x-y+y?)=3. Then:
X+y=3-a2, X2-X-y+y?=3.p?
and z=3-a-b. (8.49)

According to Theorem 2.3.3 from (Andreescu &
Andrica, 2002, p. 83), the solutions of the second
equation are:

y=-m?-
b=m?-m-n+n?, (8.50)
where m, neN*. Then, from the first equality in

(8.49) and the first two equalities in (8.50), it follows
that:

X=-2-m%+2-m-n+n?,
2-m-n+2-n? and

a?+m?=n?,
equation which, according to Theorem 2.5 from
(Valcan, 2019), has the solutions:

a:pZ_qZ'
and n=p?+q>.

m=2-p-q
(8.51)

Now, from equalities (8.50) and (8.51), it follows
that:

X=-2-(2-p-0)+2-(2-p-0)-(p*+92) +(p*+q)>,
y=-(2-p-q)%2-(2-p-q)-(p?+g2)+2- (p?+q2)?,

(8.52)
(8.53)

z=3-(p*-0°)-[(2-p-0)*-(2-p-0)-(P*+°)+(p*+q%)*]. (8,54)
15) For:
p=n, g=n
and r=n-1,

from equality (S), we obtain the following
equation:
X"+y"=z"1 (Sm)

which is a generalization of equation (Si).

The equation (Sii) has an infinity of natural number
solutions.

Indeed, because, for every keN:

(n-1)?

((kn+1)n-1)n-1:(kn+1)
:(kn+1)n‘(n—2)'(kn+1)
:(kn+1)n‘(n—2)'kn+(kn+1)n-(n—2)
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=LK +1)" 2K (K1),
it follows that the triplet (k"+1)™2.k,(k"+1)"™
2 (k"+1)™1) is a solution of the equation, for every keN.
5.2 Solving matrix equations in the ring (Mn(2),+, )

In this paragraph, we will immerse all the equations
presented and solved in the previous paragraph in the
ring (Ma(2),+,-) and we will study their solvability, by
finding at least one category of solutions.

So, in this paragraph we will solve, in the ring
(Mn(2),+,), matrix equations of the form:

XP+Y9=Z", (S")
where p, g, reN*. Thus:
1) For every matrix AeMn(Z), the triplet

(209.APC 239. A 2P AZD) 5 3 solution of
equation (S').

Indeed,
(2b-q_Ab-C)a+(2a-q,Aa-C)b:(2p'Aa.b)c.
Furthermore, if:

(al o) (bl 0] [cl oj
A:0 2 ,B:0 b, andC:0 CZ,

then:
a’ 0 b! 0 c, O
AP= 0 ag , Bb: 0 bg and C¢= 0 C;

(a1~bl 0 j
A-B= 0 a,-b, =B-A, B-C=

(bl-c1 0 j [al-cl 0 )
0 bCJgec ad Ac=\ 0 G

=C-A.

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (S), then (A,B,C) is a solution in
Mn(Z), of the matrix equation (S’). In other words, any
two solutions of the Diophantine equation (S) induce a
solution of the matrix equation (S’).

Next, by analogy with what we did above, we will
particularize the equation (S’), for different values of
the natural non-zero numbers p, g and r. To begin with,
we consider the equation:

Xn+Yn:2m’ (S,| )
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where n, meN*, with m>n>2. Let's consider a few
particular cases:

2) For:

n=2 and m=2,

from the equality (S'I), we obtain the matrix
equation (A"), analyzed in (Vilcan, 2019).
3) For:

n=2 and meN*

from the equality (SI ), we obtain the equation:
X24+Y2=7m (S’,l)
According to equalities (8.5), (8.6) and (8.8), for
any two matrices A, BeMn(Z), with:
A-B=B-A,
) _fthe triplet (X,Y,Z) is a solution of the equation (S’I1
if:

X=AM-C ﬁq AM2.B2+C ﬁq AMABAC 2m A™6R6 4.
(9.5)
1 3 5
y=Cm .A™LB-Cm .AM™3.B3+Cm .AMS.B5.-...
(9.6)
z=A*+B?, (9.8)

Furthermore, if:

(al oj (bl OJ [cl oj
A= 0 2 , B= 0 b, and C= 0 ¢ ,

then:
aZ 0 b? 0 ¢ 0
A2=\0 a;) go\ 0 b andcr=\0 C

(al b, 0 j
A-B= 0 a,-b, =B.A, B-C=

(bl-c1 0 j [al-cl 0 J
0 bC)ge and aAc=\ 0 %G

=C-A.

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sn), then (A,B,C) is a solution in

Mn(Z), of the matrix equation (S’,l)_ In other words, any
two solutions of the Diophantine equation (Syi) induce

a solution of the matrix equation (Sll).
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Analogously, if m is even, that is:

m=2-r,
with reN*, then the matrix equation (Sll) becomes:

X2+Y?=Z72",

According to equalities (8.12), (8.13) and
(8.14), for any two matrices A, BeMn(Z), with:

A-B=B-A,

(Sr)

the triplet (X,Y,Z) is a solution of the equation (S'm
), if:

X=(A"-C 5 A2.B2+C f AABA-C f AMBE.+ ... )2_
1 3 5
(Cr-A"L.B-Cr-A=.B3+Cr-A™.B--.. )2, (9.12)

2 4 2
Y=2-(A"-Cr -A"2.B%+Cr -A"*.B*-Cr .A™Bb.+...

1 3 5
)-(Cr AFLB-Cr -AM3.B3+Cr -AMBS--. ), (9.13)
Z=(Ar-Cf -AV'Z-BZ+C;1 .Af-4.|34-cf AR+ ..
1 3 5
)2+(Cr-A"L.B-Cr-A=.B3+Cr-A™.B%---- )2, (9.14)

Furthermore, if:

(al oj (bl OJ (cl Oj
A= 0 a, B= 0 b, and C= 0 ¢ |

then:

a2 0 b? 0 ¢’ 0
pe=\0 @) g (0 02) h el 0 &

[al b, 0 j
ag=\ 0 &b)_ga  pgeo

(bl-c1 0 j {al-cl 0 )
0 b C)J)gec and ac=\ 0 ¢

=C-A.

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sr), then (A,B,C) is a solution in

Mn(Z), of the matrix equation (S’Ilr). In other words,
any two solutions of the Diophantine equation (Sir)

induce a solution of the matrix equation (Sllr ).

As in the previous paragraph, now, and here, we
will give m different values, obtaining certain special

cases for the equation (S,Il). Although these equations
have the solutions given by the equalities (8.5'), (8.6")
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and (8.8'), we will also approach solving them from

another perspective. Thus,

4) For m=3, from the equality (Slll), we obtain the

equation:

X2+Y2:Z3, (Sllll)

The equation (Sin) is solvable in the ring

(Mn(Z),+,').

Indeed, first we note that the triplet (On,0n,0n) is a

solution of this equation (S'm)_ On the other hand, if:
X:On,
then the equation (Sin) becomes:

Y?2=73, (8212)

It follows that, for any AeMn(Z), the triplet

(On,A3,A?) is a solution of the equation (3112)_

Now let's determine the solutions with non-zero
components of the equation (Sllz). First we note that if:

X=Z,

then the equation ( S’112) becomes:

X2+Y2:X3, ( ’|13)
or else:
X2 (X-1n)=Y2, (S’|14)

and, according to equalities (8.17) and (8.21)-

(8.22), the triplets:
(A%+15,A-(A%+15),A%+1y) and (£2-A% £2.A3% 2.A2),

from Mn(Z)xMn(Z)xMn(Z), where AecMn(Z), are

solutions of the equation (~'13).
Furthermore, if:

(al 0) (bl Oj
A=\U 2 , and B= 0 b, :

then:

aZ 0 a, 0 b? 0
A2= 0 a§ ,A3: 0 ag ,BZZ 0 bg

(al-bl 0 j
andAB=" 0 &b )_g,
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Therefore, if (ai,b1,c1) and (az,b2,c2) are solutions,
in Z, of the equation (Siz), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (8'13). In other words,
any two solutions of the Diophantine equation (Si3)

induce a solution of the matrix equation (8'13).

Finally, according to equalities (8.19) and (8.20),
whatever the matrices A, BeMn(Z), with the property
that:

A-B=B-A,

then the triplet (X,Y,Z)eMn(Z)xMn(Z)xMn(Z),
where:

X=A3-3.A-B?, Y=3-A2B-B*and Z=A%+B? (i)

represents a solution of equation (8'13).
Examples: 1) Let the matrices be:

1 2 3 1 00
31 2 010
A:2 3 1andI3=O 0 1_
Then,
13 13 10
10 13 13
A= 13 10 13
and, according to equalities (i),
14 13 10 73 71 78
10 14 13 78 73 71
X= 13 10 14 y= 71 78 73’
14 13 10
10 14 13
7= 13 10 14 _
It follows that:
456 464 449 16405 16450 16429
449 456 464 16429 16405 16450
2= 464 449 456 2= 16450 16429 16405
16861 16914 16878
16878 16861 16914
23= 16914 16878 16861

Now equality (3113) is checked immediately:
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456 464 449) (16405 16450 16429
449 456 464| |16429 16405 16450
24 2= 464 449 456 + 16450 16429 16405

16861 16914 16878
16878 16861 16914

_|16914 16878 16861)_,

2) Let the matrices be:

(5 3} (9 6}
A=\ 2) qp=\14 3

Then:

(87 39) (46 21}
Apg=\91 48 B.A A= 49 25
(165 72) [377 180)
g2-\168 93 A= 420 197
2493 1206

and B3=\2814 1287/

According to equalities (i),
(—3610 —1737) (—369 —189j
x=\—4053 -1873 y= —441 -180 ,
211 93 20072161 9523971
z:( ] XZ:( J

217 118 22222599 1054819

(219510 103761j
v2=\242109 115749)

20924671 9627732
78— 23115708 10357969

and equality (S"13) is checked immediately:

20072161 9523971
X2+Y2= 22222599 10548190)

219510 103761} (20291671 9627732
242109 115749)_\ 22464708 10663939 =73

3) Let the matrices be:

(0 —1j (—2 —1}
A:2 3 and B= 2 1.

Then:

Educatia 21 Journal, 28 (2024) Art. 31, Page | 290

2 - 2 -3
AB=\2 1l)-ga a=\6 7
2 1 6 -7

BZZ _2 - ,A3: 14 15

Z 0
andB3=\ 2 1/

According to equalities (i),

(—12 10J [—4 —2j (o —2J
x=\20 18) y_\4 2),.\4 6

~56 —60 8 4
2=\120 124) (o (-8 -4

~48 —56
and 8=\ 112 120

and equality (8113) is checked immediately:

-56 -60) (8 4
opy2=\120 124) (-8 -4

(—48 —56)
_\112 120)_,3

5) Equation (S'm) is a particular case, for n=2, of

the equation:
Xn+Yn:Zn+l
which is solvable in the ring (Mp(2),+,-).

(Sh)

Indeed, whatever the matrix A in Mp(2), triplet:
(An+|n,A'(An+|n),An+|n)EMp(Z)XMp(Z)XMp(Z),

is a solution of the equation (SlIn ).
Example: Let the matrix be:
110

011

al0 0 1)

Then,

n(n-1)
2
n

o O -
O — S

1
A'=
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and we consider:

5 n n(n-1) 5 5 n(n+1)
2 2
0 2 n 0 2 n+?2
00 2 0 0 2
X= NE
n(n-1)
2
0 n
0 2
and Z=
Then,
2" 2" .n? 2"%.n%.(n-1)-(n+2)
0 2" 2"t .n?
= 0 0 2"
Y=
2" 2".n-(n+2) 2"°.-n-(n*+5-n*-2-n+4)
0 2" 2" .n-(n+2)
0 0 2"
and
Zn+1:

2" 2".n-(n+1) 2"%-n-(n*+2-n*+2)
0 2"t 2" -n-(n+1)
O 0 2n+l

and equality (S’,n ) is checked immediately. Here we
took into account the fact that if:

2 a b
0 2 a
M= 0 0 2 1
then, for every neN?*,
M=
2" n-2"".a n-2"tb+n-(n-1-2"%.a°
0 2" n-2"*'.a
0 0 2"
If:
X=Y

then equation (Slll) becomes:

2.-X2=78 (8116)
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and according to equalities (8.19) and (8.22), it
follows that, whatever the matrix AeMp(Z), the triplet
(2-A% £2-A32-A2) eMp(Z)xMp(Z)xMp(Z), is a

solution of the equation (8'16).
Furthermore, if:

(al Oj (bl Oj
A= 0 a , and B= 0 b, ,

then:

(af oJ [bf o]
2 3
AZ= 0 a ,B3= 0 b and

(al-bl 0 J
A=\ 0 &b g

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sie), then (A,B,C) is a solution

in Mn(2Z), of the matrix equation (~'¢). In other words,
any two solutions of the Diophantine equation (Sizs)

induce a solution of the matrix equation (8'16).
6) For:

n=2 and m=4,

from the equality (SII ), we obtain the equation:
X2+Y2:ZA, (S'Il7)

We also obtain this equation (5'17) from equality (
ilr), for r=2.

According to equalities (8.35), it follows that,
whatever the matrices A, BeMy(Z), with:

A-B=B-A,

if:
X=A%6-A%B%+B*  Y=4.A-B-(A%-B?
and Z=A%*+B?, (9.35)

Then, the triplet (X,Y,Z) e Mp(Z)xMp(Z)xMp(Z2), is
a solution of the equation (S'”).
Furthermore, if:

(al o) [bl oj (cl oj
A:0 2 ,B:0 b, andC:0 CZ,

then:
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aZ 0 b? 0 ¢, O
p=\0 2;) g2(0 03] g a0 )
[al-bl 0 ]
apg=\ 0 a,-b, =B-A, B.C=

(bl-c1 0 j (al-cl 0 j
0 bC)gcangac= O 2CJ_ca

Therefore, if (ai,b1,c1) and (az,b2,c2) are solutions,
in Z, of the equation (Su7), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (~'17). In other words,
any two solutions of the Diophantine equation (Sii7)

induce a solution of the matrix equation (S'”).

It can be observed, also here, that the equalities
(9.35) are particularizations of the equalities (9.5),
(9.6) and (9.8), for m=4, or of the equalities (9.12),
(9.13) and (9.14), for r= 2.

7) For:

n=2 and m=5,

from the equality (S'I ), we obtain the equation:
X2+Y2:ZS. ( ,IlB)

According to equalities (8.38) and (8.39), it follows
that, whatever the matrices A, BeMp(Z), with:

A-B=B-A,
if:
X=A%10-A3-B%+5.-A-B*, Y=5.A%B-
10-A2.B3+B® and Z=A%+B? (9.38)

then, the triplet (X,Y,Z) e Mp(Z)xMp(Z)xMp(Z2), is
a solution of equation (8'18).
Furthermore, if:

(al Oj (bl OJ (cl OJ
A=\0 ) g0 D) pngc=\0 )

then:

A2=\0 & ,g2=\0 b; and 3=\ 0 ¢,
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£a1~bl 0 j (bl-cl 0 j
AB=\ 0 a, b, =B.A, B.C= 0 byc

(al-c1 0 J
=B.C andAC=\ 0 &CJ)_ca

Therefore, if (ai,b1,c1) and (az,b2,c2) are solutions,
in Z, of the equation (Sig), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (~'8). In other words,
any two solutions of the Diophantine equation (Sizs)

induce a solution of the matrix equation (8'18).

Here too, we note that equalities (9.39) are
particularizations of equalities (9.5), (9.6) and (9.8), for
m=5.

8) For:

n=2 and m=6,

from the equality (S', ), we obtain the equation:
X2+Y2:ZG, (S,Ilg)

According to equalities (8.42), it follows that,
whatever the matrices A, BeMy(Z), with:

A-B=B-A

X=A5-15.A%B2+15.A2.B*-B¢,
Y=6.A%B-20-A%B3+6-A-B° and
Z=A2+B2, (9.42)

then, the triplet (X,Y,Z) e Mp(Z)xMp(Z)xMp(Z2), is
a solution of equation (8'19).
Furthermore, if:

(al oj (bl OJ (cl oj
A= 0 2 , B= 0 b, and C= 0 ¢ ,

then:

[af OJ [bf oJ (cf OJ
p2=\0 & B2=\"0 b; and co=\0 ¢2).

(a1~bl 0 j (bl-cl 0 j
A-B= 0 a,b =B.A, B.C= 0 byc

(al-cl 0 )
=B.C and AC=\ 0 &CJ_ca

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sig), then (A,B,C) is a solution
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in Mn(Z), of the matrix equation (R 19). In other words,
any two solutions of the Diophantine equation (Sig)

induce a solution of the matrix equation (8'19).

Here too, we note that equalities (9.42) are
particularizations of equalities (9.5), (9.6) and (9.8), for
m=5.

9) For:

p=2, g=3
and =6,

from the equality (S’), we obtain the equation:
X2+Y3=74, (Sin)
Because:
282+8%=6%,
it follows that, for any matrix AeMn(Z), the triplet
(28-A58-A%*6-A%) is a solution of the equation (S’"l).
On the other hand, if AeMy(Z), such that:
A=A+, (ii)
then:
A2+ A=A
so, the triplet (A,A,A) e Mp(Z)xMp(Z)xMp(Z2), is a
solution of the equation (S'”l)_

Such matrices exist. For example, if A is any of the
matrices below,

2-a+1 F4.-a°F2-a¥l) (-2-a F4-a’F2-a7F1
+1 -2-a +1 2-a+1

2-a+l +1 -2-a +1
F4.a°F2-aFl -2-a) (F4-a°F2-aF1l 2-a+1

then, it checks equality (ii), above.
Furthermore, if:

(al oj (bl OJ [cl oj
A= 0 2 , B= 0 b, and C= 0 ¢ ,

then:

A=\ 0 2 ,B3=\0 b and c4=\ 0 ;
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£a1~bl 0 j (bl-cl 0 j
AB=\ 0 a, b, =B.A, B.C= 0 byc

{al-cl 0 )
=B.C and AC=\ 0 &CJ_ca

Therefore, if (ai,b1,c1) and (az,b2,c2) are solutions,
in Z, of the equation (Siy), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (S'"l). In other words,
any two solutions of the Diophantine equation (Siy)

induce a solution of the matrix equation (S'”l)_
10) For:

p=2, q=5
and r=3,
from equality (S’), we obtain the equation:
X2+Y5=73 (S',,Z)
Because:

102+35:73 and (210)2_'_(24)5:(27)3’

it follows that, for any matrix AeMn(Z), the triplets
the triplets:

(10-A,3-A8,7-AL%) and (210-A15 24. A6 27. AL0)

are solutions of the equation (SIIZ ).
Furthermore, if:

(al Oj (bl OJ (cl OJ
A=\0 3 p(0 b:)ynqc=l0 C)

then:

(af o] [bf oj (cf oJ
p=\0 a; o=\ 0 b2) and c3=\0 €

(al-bl 0 J (bl-cl 0 J
A-B= 0 a,b =B.A, B.C= 0 b,-c

(al-cl 0 )
=B.C and AC=\ 0 &CJ)_ca

Therefore, if (a1,b1,c1) and (a2,bz,c2) are solutions,
in Z, of the equation (Sii2), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (S’,,Z ). In other words,
any two solutions of the Diophantine equation (Si)

induce a solution of the matrix equation (S],Z)_
11) For:
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p=2,

and r=

from equality (S’), we obtain the equation:
X2+Y5=74, (i)
Because:
72425=3%
it follows that, for any matrix AeMn(Z), the triplet
(7-A0,2.A% 3.A°) is a solution of the equation (S'"3).

Furthermore, if:
j and C:( j ,

NERN

0 a,
then:

|
|

b, O
0 b,

c, O
0 c

a; 0 by 0 ¢ O
AZ:(O ag], 35:(0 bEJ and C“:(O ng

a,-b, O b,-c, 0
A-B:£ 0 a 'bJ:B-A, B-C=( 0 b, ‘CzJ

0
a,-C,

a,-C;

=B-C and A-C:[ 0 j=C-A.

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sus), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (S"S). In other words,
any two solutions of the Diophantine equation (Si3)

induce a solution of the matrix equation (S"3).

12) For:
p=3, g=4
and r=5,

from equality (S’), we obtain the equation:
X3+Y4=Z°, (S’||4 )
Indeed, because:
(28)3_'_(26)4:(25)5,
it follows that, for any matrix AeMn(Z), the triplet
(28-A20 25.A15 25.A1?) is a solution of the equation (S;I4
).
On the other hand, if AeMy(Z), such that:
AZ=A+,
then:

(i)

AS+A =AY,
therefore, the triplet
(AAA) eMp(Z2)xMp(Z)xMp(Z) is a solution of the

equation (S;M).
Such matrices exist. For example, if A is any of the
-2-a F4-a°F2-a¥

matrices below,
2-a+1 F4-a®°F2-a¥l 1
+1 2-a+1

+1 —-2-a
—-2-a +1
1

F4-a°F2-aFl 2-a+
then, it checks equality (ii), above.

Jpacls <)
Jwword

+1
-2-a

2-a+1
F4-a°F2-a7F1

Furthermore, if:

oe)

0 a,
then:

oo ) gl

ol 0w pel

a,-b, j
0" )
=B-C and A.C= =C-A.

a,-C,
Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sna), then (A,B,C) is a solution

in Mn(2Z), of the matrix equation (S',M)_ In other words,
any two solutions of the Diophantine equation (Sia4)

b, 0
0 b,

c, O
0 ¢,

c;

0

a, 0

3
0 a

by 0

0 b

a,-b,
0

a,-C
0

induce a solution of the matrix equation (SIM).

13) For:
p=3, 0=5
and r=2,

from equality (S'), we obtain the equation:
X3+Y5=72, (Sie)
Because:
23+15=32
it follows that, for any matrix AeMn(Z), the
triplets:

(2-A1° A8 3.A1%) and (A7-(A+1)5, A% (A+1)3 AL (A+])?)
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are solutions of the equation (S"5).
Furthermore, if:

(al Oj [bl Oj (cl Oj
A:0 a, 'B:O b, andC:O Cz’

then:

a, 0 by 0 ¢ 0
A=\0 & o=\ 0 b2) and c2=\0 ¢ :

(al-bl 0 J [bl-cl 0 J
ag=\ 0 &b ga gel 0 byc

[al-cl 0 J
=B.C and AC=\ 0 &CJ)_ca

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sus), then (A,B,C) is a solution

in Mn(2), of the matrix equation (~"%). In other words,
any two solutions of the Diophantine equation (Siis)

induce a solution of the matrix equation (S"S).
14) For:

p=3, g=3
and r=2

from equality (S’), we obtain the equation:
X3+Y3:ZZ, (S;I6)

According to equalities (8.52), (8.53) and (8.54),
for any two matrices A, BeMn(Z), with:

A-B=B-A,
the triplet (X,Y,Z) is a solution of the equation ( s ),
if:
X=-2.(2-A-B)*+2.(2-AB)-(A*+B?)+(A%+B?)?,
Y=-(2AB)-2:(2 AB) (A+B?1+2:(A+BY,
Z=3-(A%-B?)[(2-A-B)*-(2-A-B)-(A?+B?)+(A?+B?)?].
Furthermore, if:

(al Oj (bl OJ (cl OJ
A= 0 a, B= 0 b, and C= 0 ¢ |

then:

[af o] b2 0 (cf o)
A=\0 & ,B3=\0 b and c2=\0 ¢ :
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£a1~bl 0 j (bl-cl 0 j
AB=\ 0 a, b, =B.A, B.C= 0 byc

{al-cl 0 )
=B.C and AC=\ 0 &CJ_ca

Therefore, if (ai,b1,c1) and (az,b2,c2) are solutions,
in Z, of the equation (Sis), then (A,B,C) is a solution

in Mn(Z), of the matrix equation (~"¢). In other words,
any two solutions of the Diophantine equation (Sie)

induce a solution of the matrix equation (S',"6 ).
15) For:
p=n,

from equality (S’), we obtain the equation:

g=n si r=n-1,

XP+YN=7", (Sin)

which is a generalization of equation (S'II6 ).

16) The equation (Sii) has an infinity of solutions
in natural numbers.

Indeed, since, for every k eN:
((RM+2)™) =] (K1) 2k (R +2)2]",
it follows that, for any matrix AeMn(Z), the triplet
((A™+1)"2A, (AT+1)"2 (A™+1)"
N eMp(Z)xMp(Z)xMp(2),

is a solution of equation (SIII ).
Furthermore, if:

(al oj (bl 0] (cl oj
A:O az,B:O b, andC:O 021

then:

a] 0 b 0 ¢t 0
Ar=\0 8 g\ 0 bz ) 04 il 0 o8 :

(al-bl 0 J (bl-cl 0 J
A.B= 0 a,-b, —B.A B.C= 0 b,-c,

{al-cl 0 )
=B.C and AC=\ 0 &CJ_ca

Therefore, if (a1,b1,c1) and (az,bz,c2) are solutions,
in Z, of the equation (Sii), then (A,B,C) is a solution in

Mn(Z), of the matrix equation (S'”. ). In other words,
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any two solutions of the Diophantine equation (Si)
induce a solution of the matrix equation (Sj” ).
6. Findings

Therefore, all the Diophantine equations studied so
far, in the four papers described in this paper and
specified in the bibliography, of the form (A), (B), (C),
(D), (E), (F), (G), (H), (), ), (K), (L), (M), (N), (O),
(P), (Q), (R) and (S ), can be transposed into the ring
(Mn(Z2),+,). But, not all matrix equations related to
these Diophantine equations have solutions in this ring
(Mn(Z),+,-).

In all cases of sovability, each of the solutions
determined in domain 5 induces a solution
(XM Y™ 7MYy e Mn(Z)xMn(Z)xMn(Z), according to the
model presented in point 4 of the paper (Vilcan, 2019).

7. Conclusions

As a general conclusion, we can say that any
equation of the form (S) can be "immersed™ in a matrix
ring of the type (Mn(Z2),+,-) with neN*, for any number,
at least equal to 2; only that not all of these equations
can be solved in the ring of integers (Z,+,-), that is, not
all of them have integer solutions.

Of course, this work is one of the Didactics of
Mathematics and it is also addressed to students,
students or teachers attentive and interested in these
problems, which we believe that we have formed, in
this way, a good image about solving these types of
equations.

In fact, in writing this paper | mainly used the ideas
from (Valcan, 2017), for the didactic part and the ideas
from (Acu, 2010), (Cucurezeanu, 2005) and
(Andreescu & Andrica, 2002) - for the scientific part.
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